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1. INTRODUCTION

Suppose a number field K is arithmetically equivalent (defined below) to
a radical extension Q("\/E). What can be said about K? If K is assumed to
be a radical extension, then K is classified by the results in [E. Jacobson
and W. Y. Vélez, Arch. Math. 45 (1985), 12-20]. The purpose of this paper
is to obtain a complete classification of such fields K.

First of all, if 8 } # then we prove that K and Q("\/E) are isomorphic (see
Theorem 3.1¢, Theorem 5.1, and Corollary 5.4). For the general case, write
n=2°m, where ¢ >3 and m is odd. In Theorem 5.1 we show that K is the
compositum K= LM, where L and M are arithmetically equivalent to
Q(Z”\/Z) and Q("’\/;), respectively. Owing to Theorem 5.3, which shows
that M and Q(’"\/;) are isomorphic, this effectively reduces the problem to
the case n=2°. Theorem 3.1 offers a complete classification of the fields L
that arise, and thus all X are classified.

Finally, the exceptional case that occurs in Theorem 3.1b demonstrates
that the work in [Jacobson and Vélez, 1985] is not sufficient: a non-radical
extension and a radical extension can be arithmetically equivalent.
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228 JACOBSON AND VELEZ
2. GENERALITIES AND RADICAL EXTENSIONS

We begin by reviewing some definitions and results.

Two number fields X, K, are arithmetically equivalent if their zeta func-
tions coincide. A number field K is solitary if the only fields arithmetically
equivalent to K are those that are isomorphic to K.

For a finite group G and subgroups H,, H, of G, we say that H,, H, are
Gassmann equivalent if |H, nclg(x)| =|H,nclg(x)| for every conjugacy
class clg(x) of G. The following result is included for ease of reference; it
indicates the variety of disparate areas connected by the concepts defined
above.

THeOREM 2.1. Let K|, K, be algebraic number fields, and Q any Galois
extension of Q containing K, and K,. Denote G=Gal(22/Q),
H.=Gal(Q/K;), i=1, 2. Then the following are equivalent.

(a) K,, K, are arithmetically equivalent.

(b) H,, H, are Gassmann equivalent.
(c) The permutation characters 15,, 15, are equal. (In particular,
|H,|=|H,|.)

(d) For every prime p of Z which is unramified in K,K,, we have

K ®,0, =K, ®¢Q, as Q,algebras.

Proof. The equivalence of (a), (b), and (d) appears in [4]. The
inclusion of condition (c) arises from the elementary formula:

15(x)=1H;| =" |Cg(x)| - | H;nclg(x)],

where C(x) is the centralizer of xin G. ||

Most recently, condition (c) has been studied for large subgroups of
simple groups in [1, 2].

In the remainder of this paper we use and abuse the abbreviations g.e.
for “Gassmann equivalent” and a.e. for “arithmetically equivalent.” The
following appears in [4].

TueoreM 2.2. Let K\, K, be ae. number fields. Then K,, K, have the
same Galois closure (notation: K,=K,) and the same normal core.
Moreover, if Gal(K,/K,) is cyclic, then K; is a solitary field (K, = K,).

For the remainder of this section we set the following notation. For
the irreducible binomial x"—a over Q we denote Q=Q("\/Z, Cn)s
G=Gal(2/0), H =Gal(Q/Q(’\/E)). If K denotes a field ae. to Q(”\/(_z),
then K< 2 and we set J= Gal(£2/XK).
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Theorem 2.1 allows us to translate questions about arithmetic equiv-
alence to questions about Gassmann equivalence in group theory. We
employ this tactic quite frequently. Thus, it is convenient to give a
workable description of G.

Let C, denote the cyclic additive group of integers modulo n, and C}* the
multiplicative group of integers prime to n. Define a binary operation on
the set C,,x C¥ via

(o, u) - (B, v) = (ot + Bu, uv).

Then C, x C¥ is a group with identity (0, 1) and inverses given by the rule
(o, u)"'=(—au~"', u='). This group is frequently called the holomorph of
C,.

There is a natural embedding of G above into C, x C¥ arising as follows.
Given 0 € G, we have a("\/(_z)zl_jﬁ-”\/; and o({,)={Y (where {, denotes
a primitive nth root of unity) for some integers o, u. Then ¢ — (a, u) is a
monomorphism. We identify G with its image in C,x C} under this
monomorphism. We now give the basic group theoretic description of
subgroups of G that are Gassmann equivalent to H.

Let T=Ga1(Q(C,,)/Q("\/E)m Q({,)) viewed as a subgroup of C¥. Then
it is easy to see that H= {(0, u): ue T} and that H is abelian.

LemMa 2.3. Let G, H, T be as above and suppose that J< G is ge. to H
in G. Then J={(w, (1l —u), u):ue T} for some integers w,. Moreover, J is
abelian.

Proof. Fix (0,u)eH and let (o,v)eG. Then (a,v)(0,u)(e,v) '=
(a(1 —u), u), and hence clg((0, u)) = {(a(l —u), u):a€C,}. Since clearly
[Hnelg((0, u))| =1, by hypothesis we have that |Jclg((0, u))| =1 for
each ue T. Since |H | =|J|,;J is as described. Finally, for u, ve T we have

(wu(l - u)7 u) ) (wv(l - U), U) = (Wu(l - u) +u- wv(] - U), uv)
(wo(1=0),0) - (w(1 —u), ) = (w,(1 —v) +v-w,(1 —u), vu).
However, J contains exactly one element whose second component is

uv = vu, $o these two must be equal, thus J is abelian. ||

We finish this section by quoting some useful results on radical exten-
sions (see [5]).

THEOREM 24. Let n=2 and suppose that x"—a, x" — b are irreducible
over Q. Then



230 JACOBSON AND VELEZ

(a) Q("/a)n Q(,)=Q(*/a), for some s>0.
(b) The quadratic subfields of Q((,e) (e=3) are Q({,), Q(\/E), and
0/-2) |
(c) Q("\/;), Q("\/Z) are a.e. if and only if one of the following holds:
(i) a=b'c" withceQ and (i,n)=1; or
(1) 8|n and a="b'c™2"? with ce Q and (i,n)=1.
(d) Q(”\/E), o] "\/—l;) are isomorphic if and only if one of the following
holds :
(i) a=b'c" withceQ and (i,n)=1; or
(ii) 8|nand —a, —be Q% and a=b'c"2"? withce Q and (i, n)=1.

3. THE CASE n=2¢

Fix an irreducible binomial x* — a over Q. This section is devoted to the
classification of fields arithmetically equivalent to Q(ze\/c_z). As agreed in

the previous section, we denote Q= Q(Ze\/Z, {,e), G=Gal(L2/Q),
H=Gal(Q/Q(*\/a)), and Q(*/a) " Q({x) = O(*\/a) for some 5>0. We

now state the main theorem of this section.

THEOREM 3.1. Let x*—a be irreducible over Q and write
Q(ze\/z)r\Q(Cze)=Q(2s\/¢;). Let K be a number field arithmetically
equivalent to Q(Z‘*\/Z).

(a) If ez3 and s=0, then K is isomorphic to either Q(ze\/;) or
0" Ja-2).
(b) If e>4, s=1, and Q(*/a)=Q(/2), then K is isomorphic to

either Q(?\/;) or Q(Ze\/(_z-\/Z +\/§). Furthermore, Q(Zf\/a.. /2 +\/§) is

not a radical extension.
(c) In all other cases, Q(Ze\/t_z) is a solitary field.

The proof is completed in a sequence of cases. First observe that if H is
cyclic then by Theorem 2.2, Q(Ze\/z_z) is a solitary field. If s>2, then
C4GQ(”\/—¢;), sO C4eQ(2’\/¢;). However, O((,e)/Q({,) is cyclic, thus H is
cyclic. Also, H is cyclic if e<2, or if e=3 and s= 1. Thus in the following
we may assume that

e>23,s5<1,andife=3thens=0.

Case 1. e>3 and s=0. In this case, G+ C,. x C% is an isomorphism.
Now for e>3 it is well known that C% is generated by the residues
—1, 5(mod 2¢). 1t follows that H is generated by the pairs (0, —1), (0, 5).
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Lemma 32, In the situation of Case 1, if J<G is ge. to H, then J has
generators (o, 5), (B, —1), where a=0(mod4), f=0(mod?2), and
20= —4f (mod 2°).

Proof. As —1, 5 generate C%, the definition of multiplication in G
together with Lemma 2.3 shows that J has as generators elements
(ws(1=5),5)=(—4ws,5)=(a, 5), and (w_,(1 —(—1)), —1)=02w_, —1)
= (B, —1). So all assertions are clear except the final congruence. But J is
abelian by Lemma 2.3, so that

(@ 5)(B, —1)(a, )~ ' = (B, ~1).

After some computation this yields (2e+58, —1)=(f, —1), so that
20+ 5f= B (mod 2°) as needed. |}

LemMa 3.3.  In the situation of Case 1, there are at most 2° subgroups
J<LG that are ge. to H.

Proof. Any such J has a generating set as described in Lemma 3.2, so
it suffices to count generating sets. However, if (x, 5), (f— 1) satisfy
a=0(mod4), §=0(mod2), and 2a= —4f (mod 2°), then clearly there
are 2°~ ' choices for B, and for each f there are exactly two choices for

a |

LEMMA 34. In the situation of Casel, if J<G is ge. to H then
| Na(J)| =2¢ In particular, J has 2¢~" distinct conjugates in G.

Proof. Say J has the generating set {{a, 5), (8, —1)} and let (3, z)e G.
Then (n,z) normalizes J iff it normalizes the generating set.
Straightforward computation now gives that

—4p=0a(l —z) (mod2¢)and

(mz)eNg(s) il { 2q=p(1—z) (mod2).

Since f=0(mod 2), the second congruence has exactly 2 solutions:
= (B/2)(1 —z), (B/2)(1 —z) + 2¢~ ! (mod 2°), for any choice of z. Thus the
second congruence has exactly 2-2¢~ ' =2¢ solutions (7, z).
As z is odd, observe that for any solution (#, z) to the second congruence
we have

(1-2) (1-2)
=2
)
so (1, z) is also a solution to the first congruence. Thus the system of

congruences has exactly 2° solutions, hence |[Ng(J}{=2° Then
[G: Ngx(J)]=2°"", and the last assertion follows. |

—dn=-2B(1l -z)= —4f =a(l—12) (mod 2°),
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Conclusion of Case 1. Let J<G be generated by {(2¢7', 5), (0, —1)}.
Then J has fixed field Q(*/a-./2), which is a.e. but not isomorphic to
Q(Z’\/Z), by Theorem 2.4 (since if —ae Q? then C,;eQ(Ze\/;) so s>1),
Thus J is ge. to H, but not conjugate H. By Lemmas 3.3 and 3.4, there are
exactly 2 conjugacy classes of subgroups of G that are g.e. to H, represented
by H and J. By Galois theory, there are 2 isomorphism classes of fields that

are a.e. to Q(*\/a), represented by Q(ze\/c—z) and Q(Z’\/E -\/5). It follows

incidentally, by counting, that any generating set, as in Lemma 3.2,
generates a subgroup of G that is g.e. to H.

Note that if s =1, then Theorem 2.4b applies. In this way, there are three
cases when s=1, e 24.

Case 2. e>4,s=1, and Q(*\/a)=Q(,/2). In this case the image of G
in C,x C% has index 2. We must compute this image exactly. By the
equality Q(\/a—z)zQ(ﬁ) we have a=2¢* for some ce(Q. Hence
\/§= (1/c) \/Z=CS+C8“. Let 6 e G correspond to (o, u)e Cex CE. We
compute o(/2) in two ways:

1 1
o(\/2)=2o(Ja)=—/a (=)= /2 (- 1)*
o(JD=0(ls+ {7 ) =L+ L™

Hence C‘8‘+Cs"‘=\/§-(—1)“ and we have

( ){aEO(mod2)¢>uEI,7(mod8)
*a=1(mod 2) <> u=3, 5 (mod8),

so G= {(a, u)€ Cre x C%: (a, u) satisfies (*)}. (Note that the given sub-
group of C,.x C% has index 2, hence must be all of G by counting.) With
this description of G, we now have

H={(0,u):u=1,7 (mod 8)}.

Our analysis is analogous to Case 1, and we just sketch the details.

IfJ<Gis ge. to H then J= {(w,(1—u), u) :u=1,7 (mod 8)} for some
integers w,. As C% is generated by —1, 5, it is easy to see that H is
generated by (0, —1) and (0, 5%) = (0, 25). Thus, J has generators (o, 25),
(B, —1) which in this case must satisfy the congruences =0 (mod 2),
=0 (mod 8), and 20 = —24f (mod 2°). There are 2¢ such pairs {(a, 25),
(B, — 1)} satisfying these congruences, hence at most 2¢ subgroups of G are
ge. to H.
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Now if J<G is ge. to H and is generated by {(«, 25), (8, —1)} then
(n, z) € G normalizes J

; {—2417 =o(l —z) (mod 2°) and
2n = (1 —z) (mod 2°).

As z=1(mod 2) and f=0 (mod 2) it follows that #=0 (mod 2) and
hence by () that z=1, 7 (mod 8). With these restrictions the second con-
gruence has 2°? choices for z, and for each z there are exactly 2 #’s such
that (n, z) is a solution. As before, a solution to the second congruence is
also a solution to the first, hence |Ng(J) =21 It follows that
[G:Ng(J)]=2°"", so J has 2¢~ ! distinct conjugates.

If now J is generated by {(2°~!, 25), (0,1)} then J has fixed field
Q(ZE\/E (LN = Q(zeﬁ-~/2 + \/_2-). If this J is conjugate to H then
there exists (1, z) e G such that

{( ,z)(2°7 1, 25)(n, z) "' = (0, 25) and
(’752)(07 _1)(’7’ ;_r)'l-_—(o, _1)

Thus
{24;7 =2°""'z (mod 2¢) and
2n =0 (mod 2°).

But 27 =0 (mod 2°) gives also 24y =0 (mod 2°), whereas z=1 (mod 2)
gives 2¢7 'z # 0 (mod 2°). Hence there can be no solution (n,z). By
counting, J and H represent the two conjugacy classes of subgroups of G

that are ge. to H. Hence Q(ZE\/c—z), Q(ze\/c—z-\/2+\/§) are the

isomorphism classes of fields a.e. to Q( 2"\/21).

If Q(Ze\/a-\/2+\/§) were a radical extension, then by Theorem 2.4,
Q(z'\/z-\/2+\/§) is isomorphic to either Q(zz\/c;) or Q(ZE\/E-\/E).
However, \/5 € Q(ZE\/;) by assumption, hence these last two fields are
equal. Since we just saw that Q(z"\/c;- 2+\/§) is not isomorphic to

O 2"\/5), it follows that Q(Z"\/E 2+ \/f) is not a radical extension.

Case 3. e>4, s=1, and Q(2‘ﬁ)=Q(,/—2). In this case G

corresponds to the pairs (o, u) in C, x C% that satisfy

{ocEO(modZ)@uElJ (mod 8)
=1 (mod2)<u=35,7 (mod 8)

and H corresponds to {(0,u):u=1,3 (mod 8)}. Now —5 has order 2¢2
in C% and (0, —5)e H. As also |H|=2°2 we have that H is cyclic,
generated by (0, —5). Thus by Theorem 2.2, Q(ze\/(;) is a solitary field.
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Case 4. e>4, s=1, and Q(/a)=0((,). In this case H is cyclic.
Indeed, one computes that G= {(a, #): 2a =3 +u (mod 4)} and therefore
H=/{(0,u):u=1(mod 4)}. Hence H= (0, 5)).

These cases finish the proof of Theorem 3.1. |

4. A REDUCTION

In this section we address a special case of the following question.
Suppose that K,, K, are arithmetically equivalent number fields and that
K =L M, where LinM;=Q and ([L;: Q], [M;: Q])geq=1. Does K,
contain subfields L,, M, such that K,=L,M, and {L,, L,}, {M,, M,}
are sets of arithmetically equivalent fields?

We are not able to answer this question entirely, though we give some
positive results (see Theorem 4.5). Our interest in this question comes from
the case when n=2°m, m odd, K, = Q("\/Z), L= Q(ze\/c_z), M = Q("’\/E).
In this specific case, Theorem 4.5 is sufficient to guarantee the existence of
the two fields L, and M,.

In the next four lemmas, G denotes an arbitrary finite group.

LEMMA 4.1. Suppose H,, H,<G are ge.in G. If N<aG then H N N g.e.
H,ANinG.

Proof. If xe @G then either cl;(x) S N or else clg(x) N N=J. Hence in
either case, |H,nNnclg(x)|=|HnNoclg(x)|. |

LemMMmA 4.2. Let G, <G and H,H,<G,.If H, ge. H, in G,, then H,
ge H, inG.

Proof. By assumption, 1§ =17, By transitivity of induction,
15,=017)°=015)=15,. 1

LeMMA 4.3. Suppose that G=G,x G, and that H <G can be written
H,=H, xH,,, where H;, <G, H\,<G,. Let H,<G and assume that H,
ge H, in G. Then there are subgroups H, <G,, Hy <G, such that
H,=H,, x H,,, and furthermore H,, g.e. Hy and H\, g.e. Hy, in G.

Proof. Every conjugacy class clg(y) of G has the form
clg(y) =¢clg,(y1) x clg,(y,) (where y=(y,, y,)). Since H, ge. H, it follows
from Lemma 4.1 that H, nG; ge. H,n G, (i=1,2). Set H,;,=H,n Gy,
H,,=H,nG,. Plainly, H,=H,nG; (i=1,2), and from the above we
have | Hy;| =|Hy| (i=1,2) and |H,| =|H,|. Then |H,| 2 | Hy | - |Hx| =
|Hyy | -1 Hyp| =|Hy| =] H,]|, so equality holds, and H,=H, x H,,. §
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Lemma 44. Suppose G=N,N, (internal direct product) and let A,
B< N, be such that A g.e. Bin G. Then AN, g.e. BN, in G.

Proof. Easy exercise. ||

We can now state the result we are after. We first state the Galois
theoretic version, and then translate to group theory to effect the proof.
Recall that K denotes the Galois closure of K over Q.

THEOREM 4.5. Suppose K, K, are number fields such that K, a.e. K,.
Assume that there are subfields L, M, of K, such that K,=L, M and
Then

(Z]'Kl)mMI‘SK]ﬁM,
and

(Ml-Kl)ﬁljl:KlﬁE].

Furthermore, there exist subfields ,, M, of K, = K, such that
(a) L,ae K,L, and M, ae. K, M,;
(b) L, M,, M~ L, are subfields of K,;
(c) €M, ae K,nM,, and #,nL, ae. K,nL,:
(d) K,=2,nM,=(8,nM)): (ML)

See Fig. 1. To translate this to group theory we need one definition.
Given any H < G, we denote by Coreg(H )= Core( H) the largest subgroup
of H that is normal in G. By Galois theory, it only remains to prove the
following theorem.

THEOREM 4.6. Let H,, H,<G and suppose that H, ge. H, in G.
Furthermore, assume

(a) Core H =Core H,=1,

(b) There are subgroups A,, B, of G such that H =A,n B, and
H, < (Core A,)-(Core B,).
Then

(HynCore A,)-Core B, =H,-Core B,
and

(H,Core B,)-Core A,=H,-Core 4,.
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P — — ~ -—
K,NL, a.e. M,NL, KiNM ae 8,0 M,
L, M,
L;nM,
Q
FIGURE 1

Furthermore, there are subgroups <t,, %, of G such that

(i) o4 ge H,nCore A,, #, ge. H nCore B, in G;

(i) AH<Core A,, B,<Core B, and H, = b, x B,;
(iii) % -Core B, ge. H,-Core B,, and #,-Core A, g.e. H,-Core A,
in G,

(iv) H,=(s4-Core B,)n (%, -Core A,).

In this translation, we are letting Q=K ,=K,, G=Gal(2/Q),
H,=Gal(Q/K,), A, =Gal(2/L,), and B, =Gal(2/M,). Figure 2 is helpful
in following the proof.

Proof. Observe that as Core 4, nCore B A, nB;=H,, and Core
H,=1, we have Core A;,nCore B,=1. Thus Core A,-Core B;=
Core A, x Core B;. We claim that

H,=(H,nCore A,) x (H, n Core B,).
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I, N Core A; ge. A, H; N Core B, g.e. B,
Core A, / Core B,
/ ge. Hy /
H, - Core A ge. B, - Core A, H, « Core By ge. A4, - Core B,

\/

\mm\ Core By)

FiGURE 2

Indeed, if he H, then by (b) write A= ab with aeCore 4, be Core B,.
Then b=a"'he A, so that be A,nB,=H,, and thus be H, n Core B,.
Similarly, ae H, n Core 4, establishing the claim.

Now both H,, H,=Core A,-Core B,, hence H, ge. H, in Core
A,-Core B, (by 2.1(c) and restriction). By Lemma4.3 we can write
H,= o, x #,, where o, =Core A,, #,<Core B,, and also & ge. H N
Core A, and %, ge. H, nCore B, (where this is g.e. in Core 4, - Core B,}.
By Lemma 4.2 the above holds for ge. in G. This proves (i) and (ii).
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For the very first conclusion, let xe H, -Core B,. Write x=hb (he H,,
beB,). In turn, by the claim write h=a,;b, with a,e H,nCore 4,,
b,e H nCore B,. Then x=hb=a,(b,b)e(H,nCore A,)-Core B;. As
the other containment is clear, we have (H,nCore 4,)-Core B, =
H, -Core B,. The other statement is proven likewise.

For (iii) we apply Lemma 4.4 in Core 4, - Core B, to obtain

st -Core B, ge. H - Core B,
and

#,-Core A, ge. H,-Core 4,

where this is g.e. in Core A4, -Core B,. Again by Lemma 4.2 this is g.e. in
G also.

For the final statement (iv) first observe that if xe H, then x=ab
(acsty, beB,). So x=b-(b~'ab)=(a"'-(ab~'a="'))~! is in the inter-
section. Conversely if y is in the intersection, write y=a,b,=b,a,
(a,eCore A,,a,es/,, b,eCoreB,, b,e%,). As Core A4,nCore B, c
Core H =1 and Core A, and Core B, are normal subgroups of G, the
elements of Core 4, and Core B, commute. So l=a,ba;'b;,'=
(aa;")-(b,b;"') gives asa;'=b,b;'eCore 4,nCore B;=1. Thus
a,=a,€sb,by=b,c€%B,, 50 ye o B,=H,. |

We record two other results from Galois theory that are useful in
conjunction with Theorem 4.5.

PROPOSITION 4.7. Let F,, F, be Galois extensions of a field k with
FinF,=k If k,, k, are fields with k<k, = F, (i=1, 2) then

(a) [kky:k]=[ky:k]lky: k], and
(b) (kik;)nFi=k,; (i=1,2).

Proof. Denote Q=F,F,, G=Gal(2/k), G;=Gal(2/F,) (i=12),
H,=Gal(Q/k;) (i=1,2). The hypotheses yield G,G,=G, G, nG,= {1},
and G; <« G. Thus G=G, xG,. Since plainly G;< H; (i=1, 2), statement
(a) translates to the obvious identity [G: H,][G: H,]1=[G: H,n H,].

For (b) we need only show that (H,nH,)-G,=H,. Let ye H, and
write y=g,g, with g;€G,. Then g,eG,=H, and g,=g['yeH, so
g,€H,nH,. Thus ye (H,n H,)-G,. The other containment is clear. |

PropPOSITION 4.8. Let L, L,, M,, M, be number fields such that L, a..
Lyand M, ae. M, If [L,M;:Q]=[L,;:Q][M,;:Q] (i=1,2), then LM,
ae L, M,.
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Proof. By Theorem22, L, =L,and M,=M,,thus L,M,=L,M,. Let
& ={p:pelisaprime, unramified in L, M, }.

Now for any pe & (in the following, all tensor products are over Q),
Theorem 2.1 gives L,®Q,~L,®Q, and M, ®Q0,2M,®Q,. The
hypothesis on degrees gives LM, =Z=L,®M; (i=1,2). Therefore,
(LiM)®Q, =0, =L OM®®Q, = LOMRQ,=L,OM-®0Q,=
(L,M,)®Q,. Thus by Theorem 2.1, L, M, ae. L.M,. |

We finish this section with an application of Theorem 4.5 to the study of
fields arithmetically equivalent to Q("\/Z).

THEOREM 4.9. Let x"—a be irreducible over Q and write n=2‘m
(m odd). Let L, = Q(*\/a) and M, = Q(™/a). Then [L,~ M- Q1<2 and
LinM,<Q(,). Let K be a number field a.e. to Q("\/;). Then

(@) If L, M, =Q then K contains subfields a.e. to L, and M.
by IfL,nM,= Q(\/;) (c ¢ Q?) then K(\/E) contains ‘subﬁelds ae. to
Li(\/c) and M,( /).
Proof. From Theorem 2.4a we have that Q("./a)n Q((,) = Q(*/a).
Thus [Q2:Q]=n-$(n)/2° (where ¢ is Euler’s totient function). Since

Q(ZS\/(_z)/Q is abelian, we have that {,.e Q(Z"\/a) and so (€ L,, which in
turn implies that [L,: Q] <2%(2°)/2°"'. Again from Theorem 2.4a, we
have that [M,: Q] = m¢(m). Since Q = L, M,, it now follows that

ng(n)/2°=[Q: Q1=[L,:Q)-[M,: QY/[L,nM,: Q]
<ng(m)/(2°~"-[Lin M2 Q]),
which yields [L, " M,: 0]<2.

Since L, M, is at most a quadratic extension of Q contained in
Q(’"\/E, (), where m is odd, it follows that L, n M, <= Q(¢,,). We now
prove parts (a) and (b).

For (a), since L,nM,=Q we can apply Theorem4.5 (with K, =
Q("\/E), K=K,) to obtain fields £,, .4. Now from Proposition 4.7 (with
F1=[:1, Fzzﬂl,klle, k2=M1) we have

KinM,=(k\k,)nM,=M,,
and

KIHEI—'——(klkz)f\l:l:L‘.

Now apply Theorem 4.5b, ¢ to complete the proof.
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For part (b) observe that Q("\/— , \/E) ae. K(\/E) (apply Proposition 4.8
and Theorem 2.2, if \/E¢ Q("\/c_z)). We want to apply Theorem 4.5 to
K, =Q("/a, \/¢), Ky=K(,/2), and the subfields L,(,/c), M( /<) of K,.

First, as ./ceL,nM,, we have Ll(\/z)mM,(\/c_')=I:1nM1=
0(/c)S K. Next, L(\/c)- My(/c)=L, M, (./c)=K,. Thus to complete
the proof of this part we need only compute K, nM 1(\/E) and

K, nLl(\/;). For this, we once again apply Proposition 4.7b, this time
with k=0(/c), ki=L(/°), ky=Mi(Jc), Fy=k,, F;=k,. We have
K n M (Je)=(kiky) 0 Fy=ky =M (Jc) and K, L(/c)=(kik;)n

F =k, =L1(\/Z). Applying parts (b) and (c) of Theorem 4.5, the proof is
done.

5. THE GENERAL CASE

In this section we prove the following theorem, which together with
Theorems 3.1 and 5.3 completely solves the problem addressed in this work.

THEOREM 5.1. Let x" — a be irreducible over Q and write n=2°m, m odd.
Let K ae. Q("\/Z). Then K contains subfields L, M such that L ae.
0(*/a), M ae. Q("\/a) and K=LM.

From Theorem 4.9 we see that if L, n M, = Q, then Theorem 5.1 is true.

We need some further results dealing with radical extensions of fields,
which we collect together in the next result. But first, some notation.

Let F be a field and let a #0 be algebraic over F. We let O(«) denote
the order of the coset aF* (where F*=F\{0}) in the quotient group
F(a)*/F*. The following appears in [5].

THEOREM 5.2. In the setting above:

(a) Assume Ofo)=m, and let v, denote the number of mth roots of
unity in F, where char F|{m. Then F(a)/F has abelian Galois group iff there
exists fe F with (&”)*= g™,

(b) Assume Ofa)=m and suppose that ([F(«):F],m)=1. Then
a=d(,,, where de F.

(c) Let peZ be a prime and suppose that {,,e F. If Oa)=p', then
[F(x): F]1=p"

(d) LeQ("/a) iff —acQ?

(e) A finite extension K/F has the “unique subfield property” if for
every divisor t of [K:F), there exists a unique subfield of K of degree t
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over F. If 4|n, then Q("\/;)/Q has the unique subfield property iff
(¢ 0(Va) 1

The next result is fundamental to the proof of Theorem 5.1.

THEOREM 5.3. Let m be odd and let x*" — a be irreducible over Q. Then

Q(z”'\/g) is a solitary field.

Proof. Let K be ae. to Q(Zmﬁ). Since K and Q( 2”'\/5) have the same
normal core, we have /ae K. Let 2= Q({,,,, 2’"\/5).

Let oc=2’”\/5 and 1= 0y(a). From Lemma 2.3 we have that Q/K is
abelian, so K(a)/K is abelian. If w = w, denotes the number of 7th roots of
unity in K, we have by Theorem 5.2 that there exists e K, such that
(2')” = B.

Now the only roots of unity in Q(z’”\/—é) (and thus in K) are those con-
tained in Q(z’”\/c_z)r\ 0lom) = Q(Z"\/;) (see Theorem 2.4a), where 27|2m.
Thus s =0 or 1, so this intersection is either Q or Q(\/&). So we have that
either w=6 if 3|m and a= —3d*, deQ; otherwise w=2. We consider
these cases.

Casel. w=2 We have that (oc’)2=(2’"\/?)2=’"\/;=[3’. Thus
B=C§~"’\/E, so K contains a conjugate of " /a. But /aeK, so K is
isomorphic to Q(z'"\/a_).

Case 2. ®=6. (Recall that o =6 implies that 3|m and a= --3d°, for
some de Q.) We have that (/)= ’"\/5; = i, so K contains a conjugate of
"3 /a, and again since \/ae K, we have that a conjugate of "3, /a is in
K. Thus without loss of generality, we may assume that Q(Z"‘/“\/;)c:
KnQ("/a).

Let T=Gal(Q((5,)/Q((3))={v:v=1(mod3)} (where v o, and
0(Ca)=05,). Since (€ 0(*/a) we see that Q(*\/a)/Q(*""\/a) is
normal and in fact abelian so Gal(2/Q(*" 3\/;)) ~ Gal(Q(>"/a)/
Q(Zm/’3\/5))@ T, where T is identified with Gal(Q/Q(z’”\/Zz))z {(0, v):
veT}={(0,v):v=1(mod 3)} (see Section2 on C,x Cy¥). In particular,
Gal(Q/Q(>"?,/a)) is abelian,

For notational convenience, denote L = Q(*"/ 3\/;), By way of contradic-
tion, assume K # Q(zm\/c;). Then since L € K, we must have that K( 2'"\/5)
is a cubic extension of Q(z"“\/a_) in ©, and as such, corresponds by Galois
theory to a subgroup of index 3 in {(0,v):ve T}. Let this subgroup be
{(0,v):veT,}, where [T:T,]=3. Now view T, as a subgroup
T=Gal(Q({5,)/Q((3)). Then the fixed field of 7, in Q({,,) is a cubic
extension of Q({;), and from Kummer Theory, this fixed field must have

641:35/3-2
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the form Q({;, 3\/;), where y € @({;). Thus the fixed field of {(0, v): ve T,}
is Q(Zm\/;’ 3\/,)—)), o KCQ(ZM\/;, 3\/;)

In Fig. 3 we display the lattice of subficlds as above, and their corre-
sponding Galois groups. The explicit form of the Galois groups shown can
be checked directly. We next give a better description of J = Gal(/K).

Since GaI(Q("”\/E, 3\/)_;)/L); C;®C,, there are four intermediate
fields of degree 3 over L. These are Q(Z’”\/c—z), L(ﬂ/;), Q(2"‘\/E'3\/;_;),
and Q(*"/a-/y?). However, K must be one of these. It is not the
first, by assumption. It cannot be the second since 3\/;¢K (recall that
003, /1) = 0,,) and Q("/a)nQ(,) = 0((s) = KN O(Lan)). So K
must be one of the two latter fields. Now let T=T, v AT, w kT, be a
coset decomposition, where if ve T then: 00(3\/; )=053/yif ve h'T,. We
can now display J.

Q™ E, 3(7) {(0, v): veTy}

Q™E) K LY {(0v:veT) 3 {tk- D v):veT, ke{o, 1,9}

L = Q™) {( - 80, v) 1 veT, ke(o, 1, 2}}

Q(Wa) = Q)

FIGURE 3
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If K=Q("/a-/y)

then
{0, v): veT,,
J=<(2-2m/3, v): vehT,,
(2m/3, v): veh’T, .
If K=Q("/a-*\/?)
then
(0, v): veT,,
J=<(2m/3, v): vehT,,

(2-2m/3, v): veh’T,.

For example, in the first case (with the notation of Section 2), we
have that if veh?T,, (2m/3,v)(*"a->/y)=((-2"Ja) (-2 /y)=
2m
\T\{;w observe if 9\m and y={;, then either K=Q(2'"\/:1~3\/;)=
QLo - /a) or K=0(*" /a- 3\/_ Q((2-¥"/a), and so K is clearly
conjugate to Q(*"./a). Now let m=3'm,, where 3{m,, t>1.

If 3\/§e Q(L5), then since Q((4)/Q({;) has cyclic Galois group, we

would have that Q s, 3f) = Q(,), so then y = {5 - B3, thus Q(z’"f 3\/_
_.Q(Zm\/— lo-B 2"‘\/_Cg) since C3EQ szc9) so we are done. Thus
in the followmg we may assume that \/_ ¢ O(Cy).

Now Gal(Q((,,,)/Q((3))= {v:v=1(mod 3)} < C%,. Since O((s.°\/7)
& O({y), there exists v=1 (mod 3’) such that v¢ T,, and so vehT, or
ve h*T,. So as an element of J (regardless of the two choices for K), this
v occurs as either (2m/3, v) or (2-2m/3, v). It is crucial here to note that
3'~ 1 exactly divides the first component.

Now, (0,v)e H and cl;(0, v) € {((1 —v), v): a€ C,,,), and 3*|a(l —v),
since v was chosen so that v =1 (mod 3*). Therefore, from the preceeding
paragraph, Jnclg(0, v) = &, while Hclg(0, v)= {(0,v)}. Thus H and J
are not Gassmann equivalent, contrary to the assumption that Q(*™ /_ )

ae. K. Thus K= Q(*"\/a), and Q(**\/a) is a solitary field. |

COROLLARY 5.4. Assume n=2°m, m odd (no restriction on e). If K a.e.
Q(”\/c;) then a conjugate of "’\/c_z is in K.

Proof. This is certainly the case if L, nM,=Q, so assume
I:lr\ﬂl:Q(\/Z) with c¢ Q> By Theorem 49b we have that K(\/Z)

contains a subfield a.e. to Q(”'\/E, \/E)=Q(2'"\/5) (for example, with
b=a’c™). But by the previous results Q(z"'\/l;) is solitary, so K(\/;)
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contains a conjugate of Zm\/l;, hence also a conjugate of ™./a. Thus

e ’"\/ZEK(\/;), for some i,
If K(\/E)=K, then we are done, so assume K(\/E);éK. Let

0, ’"\/5)=t, where t|m. As [K(Cf,,-'"\/c_z):K]sL it follows from
Theorem 5.2b that (,-"./a=(,-d for some deK. Thus d={;'{,
’"\/c—zeK, so K contains a conjugate of ’"\/c_z. |

THEOREM 5.5. If {,€ Q("\/a) then Q("\/a) is a solitary field.

Proof. By Theorem53 we can assume n=2°m, ez2. From
Theorem 5.2d we have that —ae Q% Now let K be ae. to Q("\/;). If
L, M= Q then we are done by Theorems 4.9a, 3.1, and 5.3. So assume

L,nM, = Q(\/Z) with ¢ ¢ Q% By Theorem 4.9b, K(\/c_) contains a subfield
ae. to Q(ze\/;, \/;). However, —aeQ? so QeQ(Ze\/Z, \/;), and
this implies that Gal(Q(ZE\/E, Caes \/E)/Q(za/&, \/E)) is cyclic. Hence
Q(zf\/a, \/Z) is a solitary field. Thus it follows that a conjugate of 2"\/2 is
contained in K(,/c), so without loss of generality, we may assume that
 JaeK(/c).

If 2"\/EeK then we are done by the previous corollary. So K(ze\/Z)=
K(\/E) is a quadratic extension of K. However, by Theorem 5.2¢
(with p=2), we have [K(Ze\/z;):K],—-OK(ZE\/E) (since {,eK), and so
o K(ze\/-c;)=2. Thus 22_1\/261(, and since ™. /ae K by the previous
corollary, we have "/2\/561(.

It is now easy to see that GaI(K(\/E)/Q("/Z\/E)) is C,® C, and that the
quadratic extensions of Q("/z\/c;) contained in K(\/E) are Q(”\/E),
Q("%/a, /), Q("\/a-/c). K must be one of these. It cannot be the
middle field since \/Zq.fK. But now from the fact that C4EQ("\/C_1),

Theorem 2.4c and d show that the only radical extensions a.e. to Q("\/;)
are those isomorphic to Q("\/;). Since the other two choices for K are
radical extensions, it follows that Q(”\/Z) is solitary. |

The proof of Theorem 5.1 requires two more technical lemmas.

LEMMA 5.6. Assume that n=2°m, withe>2, modd. If {, ¢ Q(”\/c_z) and
Lin#,=0(J/c), where c¢Q” and \/ce Q(L,.), then Q(*/a) n Q(Lx) =
Q and [Q: Q1 =n-§(n)/2 (where =0Q("/a,{,)).

Proof. As before, let Q((,)n Q("\/;)= Q(Z\/E). Then [Q2:Q]=
né(n)/2°. Since Q(ZJ\/;)/Q is abelian, this implies that CzseQ("\/Z). So by
assumption, s< 1. If s=0, this forces L, n M, = Q, contrary to assump-
tion, so s=1. Thus [L,M:Q]l=n-¢(n)2=[L,:Q0]1-[M,:Q0]12=

[L,: Q1 mp(m)/2, so [L,: Q] =2°4(2°), hence Q(*\/a)n Q({)=Q. 1§
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LeMMA 5.7. Suppose that Q(*\/a) 0 Q((y) = 0.
() If e=2, then the quadratic subfields of I:1=Q(4\/(;, {4) are
0/ xa), Q(s). Y
(b) If e>3, then the quadratic subfields of L,=Q(*\/a. {,) are
Q(l4), O(J 12), Q(V/ ta), O(/ £2a).
Proof. (a) is trivial, so we shall assume that e>=3. From

Q(*/a) " Q({) = O we have that \/a¢ Q((s). Let Q(,/d) be a quadratic
subfield of L,. By way of contradiction, suppose that \/21' ¢Q(ﬁ, Ly).

Then Gal(Q(\/a, /4, (s)/Q)=C,®C,®C,@®C, and so Gal(Q(,/d.
{)/Q)=C,0C,@ .

Since {,¢ Q(*\/a), the extension Q(*./a)/Q has the unique subfield
property by Theorem 5.2e. Since \/¢_1¢Q(C8, \/t_i). this forces Q(z"\/;)m
O(Ls, /d) = 0. Thus Gal(Q(*'/a, Ly, /A)/Q(*/a)) = C,® C,® C,. This
is a contradiction, since Gal(Q(*./a, Cz‘.)/Q(zk\/ZI))=C2e~:®C3. Thus
\/C;'E Q(\/Z, {3), SO Q(\/a’] is one of the listed fields. |

Proof of Theorem 5.1. By the results above we may assume that
Lo # Q("\/a), 22, and that L, n M, = Q(,/c), where ¢ ¢ 0%, /ce Q((,).

By Lemmas 5.6 and 5.7, Q(\/E) must be one of the fields listed in

Lemma 5.7. Since O(/c)= O(L,), and ¢y, /£2¢0((,), it cannot be
Q(L4), G/ £2). So there remain four possibilities.

Case 1. Q(J/¢) = Q(Ja). Then Q('\/a, J/¢) = Q("\/a), hence
K(\/E)::K and Q(”\/Z,\ﬁ)=Q(2“\/—a'). By Theorem 4.9, K contains a
subfield a.e. to Q(z"\/;). Corollary 5.4 completes this case.

Case 2. Q(/c) = Q(/—a).  Then Q(*Ja /o) = Q(*Va, (o).
However, Gal(Q(z"\/c‘z, Cze)/Q(z"\/c;, {4)) is cyclic, so Q(Z”\/a, \/E) is
solitary. Thus K(\/E) contains a conjugate of 2\/;1 so we may as well
assume that 2"\/¢;e K(\/;). But then, K(\/;)zK(\/~_)= K((,). Now let
2'=0x(*a). Since {,¢K and K(,/c)/K is abelian, Theorem 5.2a gives
B € K such that (2"”\/:1)2 = % (the only 2‘th roots of unity in K are +1).
Thus =% 2""\/2, so K contains a conjugate of ** l\/ZA But "’\/Ze K,
so " JaeK Thus Q("/a)cKcQ("\/a, J/c). As in the proof of

Theorem 5.5, since \/E ¢ K, K is a radical extension. This case now follows
from Theorem 2.4c.

Case 3. Q(/c)=Q(/—2a). Then Q(*/a,/c)=0(*a,J/~-2).
Since e >3 in this case, we have that Ga](Q(z"\[ L 31-)/Q(2‘\/' , \/——2)) is
cyclic, so Q(Z"\/:z, \/:—2) is solitary. As in the previous case since (, ¢ K,
we can conclude that "”’ﬂ/ZEK, and the rest of the proof is as in Case 2.
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Case 4. Q( /)= Q(y/2a). Then Q(*\/a, /)= O(*/a, \/2). But this
last field is not necessarily solitary, since Gal(Q(ze\/Z, {2e)/0( 2eﬁ, ﬁ)) is
not cyclic. So we consider an extension of this field.

From Proposition 4.8 we see that Q("\/E, {g) ae. K({4) and so by
Theorem 4.5, K({;) contains a subfield a.e. to Q(ze\/t;, {s). But this field is

solitary, so K({g) contains a conjugate of *./a, which we may assume is
* Ja. Then K< K(*\/a)c K(¢s), and since {,¢ K and Gal(K((s)/K) is
abelian, we have (by applying Theorem 5.2a) that 2"_1\/5—1 €K, and so

"2 /ae K. Thus Q(”/Z\/c_z)cK c Q(”\/;, {g). But the quadratic extensions

of Q("%/a) contained in Q("\/a,{s) are Q(;"/a), Q("\/a-/+2),
Q(”/Z\/Z, < +2), and Q(”/Z\/c;, ¢4). The field K cannot be one of the last
three since {,, «/ +2¢ K, so K is one of the first four. But these are all

radical extensions, for which the theorem already holds. |}
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