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Tiger got to hunt,
Bird got to fly;

Man got to sit and wonder, "why, why, why?2"

Tiger got to sleep,
Bird got to land;

Man got to tell himself he understand.

-The Books of Bokonon
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ABSTRACT

Let G be a finite group. Given a contravariant,
product preserving functor F:G~sets - AB, we construct a
Green-functor AF:G—sets + CRNG which specializes to the
Burnside ring functor when F 1is trivial. AF permits a
natural addition and multiplication between elements in the
various groups F(S), S € G-sets. If G 1is the Galois
group of a field extension L/K, and SEP denotes the
category of K-algebras which are isomorphic with a finite
product of subfields of L, then any covariant, product
preserving functor p:SEP - AB induces a functor FO:G -+ AB,
and thus the Green-functor Ap may be obtained. We use this
observation for the case p = Br, the Brauer group functor,
and show that ABr(G/G) is free on K-algebra isomorphism
classes of division algebras with center in SEP. We then
interpret the induction theory of Mackey-functors in this
context. For a certain class of functors F, the structure
of AF is especially tractable; for these functors we de-
duce that Q(:DZAF(G/G) v TIQF (S), where the product is over
isomorphism class representatives of transitive G-sets. This
allows for the computation of the prime ideals of AF(G/G),
and for an explicit structure theorem for A__, when G 1is

Br
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the Galois group of a p-adic field. We finish by considering
the case when G = Gal(L/Q), for an arbitrary number field

L.



CHAPTER 1
INTRODUCTION

Let L/K be a finite Galois field extension, with
Galois group G. Let ((L,K) be the category of K-algebras
which are isomorphic with a finite product of subfields of
L. We may then view the Brauer group as a covariant, ad-
ditive functor Br:C(L,K) -~ AB, where AB denotes the
category of abelian groupé. Moreover, tensor product over
K induces a multiplication among elements of the various
groups Br(A), A ¢ C(L,K). Since C(L,K) is anti-equivalent
with the category é of finite G-sets, it is natural to ask
if, given any contravariant functor F:a -~ AB which trans-
forms sums into products, there is a tensor product-like
multiplication among elements of the groups F(S), S € é.

We outline such a construction (the details will be carried
out in Chapter 3).

With G and F as above, for a G-set S define the
category (G,S,F) to have as objects all triples (T,a,X),
where T € 8, a:T - S 1is a G-map, and x € F(T). A
morphism from (T,a,x) to (V,R,y) 1is a G-map ¢:T =+ V
such that « = 3¢, and F(s)(y) = x. Then (G,S,F) has
direct sums and pullbacks, so we define AF(S) to be the

1



associated Grothendieck ring KO(G,S,F). Multiplication in
AF(S) essentially corresponds to the desired tensor product.

For example, if F(T) = {1} for every G-set T,
then AF(*) is the Burnside ring functor. In general,

AF(*) is a Green-functor, and is, in particular, the left-
adjoint to the natural forgetful functor M + M, (see
Chapter 4). If we apply this construction to the composite
functor & + C(L,K)—=5 AB, we obtain the Green-functor
ABr(*). Especially, ABr(G) is free, with a basis cor-
responding to K-algebra ismorphism classes of division
algebras with center in C(C(L,K), where addition and multi-
plication are induced from direct product and tensor product
(over K) respectively. The structure of ABr(G) can often
be recovered from the following more general result.

For any G-set S, and o € AutG(S), the group auto-
morphism F(a) induces a ring automorphism of the group
algebra QF(S). Let WS denote the set of ring automorph-

. . . . WS
isms of QF(S) obtained in this way. Let OF(S) denote

the fixed ring. Our main structure theorem asserts that

WS
2(X)y Ap(G) & NQF(S)

the product being ovaer isomorphism classes of transitive G-

sets (see Chapter 5). Moreover, this isomorphism embeds



AF(G) into I[ZF(S), which then allows us to describe the
prime ideals of AF(G) (see Chapter 6).

Chapter 7 is concerned with an alternate description
of the ring ABr(G), which is much more manageable for ap-
plications. 1In particular, by applying the Mackey induction
lemma we obtain the following cancellation theorem. If A
and B are separable L-algebras such that A@ KL N B@KL
as L-algebras, then A o B as K-algebras.

We conclude by computing Q@ABr(E,Qp) ;, when E
is a Galois extension of the p-adic field Qp. This allows
us to consider the ring ABr(N,Q), when N is a Galois
extension of @. However, its computation leads us to the
thorny problems of the isomorphism of adele rings, and the
arithmetic equivalence of two number fields. These active
areas of current research go beyond the intentions of this
dissertation. Hence we must be content with an incomplete
structure theorem for ABr(N,Q).

Finally, we must warn the reader that the proofs of
many early results are quite computational. Most of the de-
tails are not omitted. Repeatedly the author has suppressed
the temptation to skip over straight-forward proofs, often
leaving a tedium of technicalities in the wake. The feeling
is that this gives the reader a fair choice in the selection

of proofs he wishes to work through, and the knowledge that



someone, at least, has skinned his knuckles in checking all

of the details.



CHAPTER 2
PRELIMINARY REMARKS

Throughout this chapter G will denote a fixed
finite group. A G-set is a finite set on which G acts from
the left. The category of all finite G-sets will be denoted
by é; its morphisms are set maps which commute with the
action of G. Our objectives here are to define certain
rings and functors associated with the category é, and to

set up some notation which will be useful to us throughout

this dissertation.

The Burnside Ring

The set of isomorphism classes of finite G-sets be-
comes a commutative semi-ring with addition induced by dis-
joint union and multiplication by cartesian products. The

Grothendieck ring constructed from this semi-ring is called

the Burnside ring of G; it will be denoted A({(G). Thus,
elements of A(G) are formal differences [S] - [T] where
S, Te¢ 8. Moreover, [S] + [T] = [sU T] and [S]I[T]

= [§ x T].

Let P = P(G) denote the set of all conjugacy
classes of subgroups of G. For each b€ P, pick a
representative Hb of b, and let Sb denote the transitive
5



G-set of cosets modulo Hb' For a, b, ¢ € P, let va,b,c
be the number of orbits in Sa X Sb’ under the diagonal

action of G, which are isomorphic with S, as G-sets. The
following proposition collects some well known properties of

A(G).

Proposition 2.1. (a) Additively, A(G) 1is free on the

set {[Sa]:a € P}, that is, {Sa:a € P} is a complete set
of representatives of isomorphism classes of transitive
G-sets.

(b) If S, T € 8. then [S] = [T] if and only if

S v T as G-sets.

(c) For a, b€ P, [s1ls] = Zva,b’c[sc]. Thus
CEP
the V are structure constants for A(G).
a,b,c .

The set P has a natural partial ordering, where we
set a < b precisely when H, is subconjugate to Hb

(denoted H, § Hy). As in Solomon (1967), OQA(G) = Q(:)ZA(G)

a v

has primitive idempotents {ea:a € P}, where

e, = bgaxb’ [Sb] for suitable constants kb,a € ¢. We shall
define A =0 if b £ a so that we may write
14
e = Z A [S,]. It follows that Z e =1 , and
a beP b,a""b cep c A(G)
eaeb = Gabea’ for all a, b € P. We summarize some known

A
results on the constants a,b and Va,b,c



Proposition 2.2. (a) for any a€ P, V, _ = A;%a
= [NG(Ha):Ha].
(b) For any a € P, |[Gle, € A(G). Thus |G| - Mo a
€ 2 for all a, b e p.
(c) For any a, b, ce€e P, V = 0 unless both

a,b,c
c <a and c¢ < b.
We just remark that 2.2(b) can be strengthened to
the statement ]NG(Ha)] - e € A(G), for any a € P, by
the idempotent formula of Gluck (1981). However, we will

have no use for this extra information. For brevity we shall

denote V_ =V and V

a a,a,a a,b = Va,b,b' all a, beP.

Fundamental to our later work are the following propositions

relating the constants V and A

a,b,c a,b’

Proposition 2.3. Let a < b€ P. Then for all d ¢ P,

cgp}‘c,bva,c,d = 0.

Proof. Note that 0 = e_ « e

czdkc,a*d,b[sc][sd]
14

= ) AL A5 .V (s_]
c,d,e c,ad,b' c,d,e" "e

TOT AL Ay Vv )[s_].
e c.d c,a’d,b c,d,e e

By 2.1 (a) it follows that

(*) b A = 0 for all e € P.

c.d c,akd,bvc,d,e



We establish the required formula by induction on a € P

with respect to the partial order <. If a = {1} (the

unique minimal element) then since A_ =0 if c £a, (¥)
14
becomes Aa,agxd,bva,d,e =0, all e € P. Since Aa,a # 0

by 2.2(a), this starts the induction. Assume that a # {1},

and that whenever ¢ < a, and e € P, then A

L d,b’c,d,e

= 0. By (*), for any e € P we have

a,ag' d,b a’d’e cga cla g d[b C,d,e
= )\a,ag}\d,bva,d,e (by induction).

Since X # 0, JA = 0 for all e € P, as

a,a
! d

claimed. a

d,b'a,d,e

Proposition 2.4. Let a, b € P with b £ a. Then

.[Sa]eb = 0.

il

Proof. Note that [Sa]eb [sa]ebeb

cZb}‘c,b[sa][sc]eb

c<b d<§ ckc’bva’c’d[sd]eb.

Thus it suffices to show [Sd]eb = 0 whenever ¢ < b and

d < a, c. The condition b £ a then forces 4 < b, so we



9
may as well assume a < b to begin with. Then, by the above

computation and Proposition 2.3,

(s ley = g(gxc,bva,c,d)[sd]eb = 0. .
o -1
Proposition 2.5. (a) For any a € P, e, = Va [Sa]ea.
(b) If a, c € P, then bZ ‘poaVa e = re,aVar
cPb
Proof. (a) e_ =e_ . e
—_ a a a

x [S, le
bgﬁ b,a""b "a

Il

Aa a[Sa]ea, by 2.4

14

= v;l[s by 2.2(a).

le_.
a'"a
-1
Va [Sa]ea

(b) By (a), e,

(il

-1
v, %Abla[sa][sb]
-1

v
a

b’cxb,ava,b,c[sc]

-1
é(va %Ab,ava,b,c)[sc]'

Comparing coefficients and applying 2.1l (a) yields

0

as claimed.
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We must indicate some notational conventions in the
category 8. We shall always use a subscripted K to de-
note an inclusion map in 8. For example, if S, T € 8 we
may denote by KS the canonical inclusion of S into
S 0 T. If a € P, we may use the notation Ka:Sa - Sa U T.
Similarly, we shall always use a subscripted 1m to denote a
projection map in é. Thus one might see WS:S x T >S5, or
nazsa x T - Sa' The point is that the subscript will always
be sufficient for the reader to deduce the map, explicit

mention of domains and ranges will seldom be given.

Mackey-Functors and Frobenius-Functors

Various equivalent definitions of Mackey-functors,
Frobenius-functors and Green-functors have appeared over the
last few years. Our definitions roughly coincide with those

of Kuchler (1970).

Definition 2.6. A Mackey-functor on G 1is a bifunctor

M = (M*,M,):G - AB, where M* 1is covariant, M, 1is con-
travarient, M* and M, agree on objects, such that the
following conditions are fulfilled by M.

(a) If

(G
N

l'

:}l
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is a pullback diagram in G, then the diagram

M* (),)

M(X) — M(X

2)

My (01) (My (9,5)

commutes.

(b) If Sl’ 82 € G with inclusions Ki:si - Sl U 82’
then the homomorphisms M*(Ki):M(Sl U SZ) - M(Si) in-
duce an isomorphism M, (K;) x M, (K,):M(S; U S,)

- M(Sl) X M(SZ).

For a G-map a:S - T, we will denote a* = M* (u)

and a, = M, (o) when no confusion will arise.

Definition 2.7. A Frobenius-functor on G 1is a bifunctor

M= (M*,M*):é + AB, with M* covariant, M, contravariant,

M* and M, coincide on objects, such that M satisfies

the following.

(a) For each G-set S, M(S) is a commutative ring with 1.

(b) For each G-map «:S » T. @, :M(T) » M(S) 1is a ring
homomorphism (preserving unit).

(c) For each G-map 2:S - T we may view M(S) as a M(T)-

module via =,. We then reguire o*:M(S) ~ M(T) to be
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a M(T)-module homomorphism. Thus for any s € M(S),

t € M(T), we have a*(ua,(t) - s)

t . a*(s)

(Frobenius reciprocity).

Definition 2.8. A Green-functor on G 1is a bifunctor

M= (M*,M,):G - AB which is simultaneously both a Mackey-

functor and a Frobenius-functor.

Finally, we wish to record two elementary properties

of these functors which will be useful in Chapter 4.

Proposition 2.9. If M:G - AB is a Mackey-functor, and if

«:S -+ T 1is an isomorphism of G-sets, then «* and o, are
inverse isomorphisms.

Proof. Since o 1s an isomorphism, the diagrams

S —» T T — T
o 1

are pullbacks in é. Applying 2.6(a) to each diagram yields
a*a* = lM(S) and a*a* = lM(T).

A

1 82 € G, with inclusion maps

If M:G - AB 1is a Mackey-functor, then

Proposition 2.10. Let S

Ki:Si - Sl u 52.
K*¥ Ky + K§K2*:M(Sl U S,) - M(S; U S,) is the identity map.
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Proof. The diagrams

6 —— s, s, —— 5,
N
sp—— 5,08, 5 — 505,
1 1
are pullbacks. Then, by 2.6(a), Ky,K} = 0, and KK} = 1,
Similarly, Kl*ka =0, and K,,K§ =1. If x € M(§ U S5)

@hen Kl*(KiKl*(x) + KEKZ*(X)) = Kl*(x), and

Kz*(KIKl*(x) + K%Kz*(x)) = Kz*(x). By 2.6(b),

Kle*(x) + KgKZ*(x) = X. 4



CHAPTER 3

THE F~BURNSIDE RING

In this chapter we shall construct one of the main
objects of our study. We then prove a few elementary results

which will be essential for later applications.

The Basic Construction

Let G be a finite group, fixed throughout the re-
mainder of this chapter. Let F:é +~ AM be a contravariant
functor, where AM denotes the category of abelian monoids.
For a G-map «:S - T, we shall denote ao = F(a):F(T) > F(S).

If given any two G-sets, Sl' 52’ with inclusions Ki:Si
. 0 0 .
1 27 the induced map Kl x KZ'F(Sl U Sz) - F(sl)

X F(Sz) is an isomorphism, then we shall call F additive.

s, Us
For an additive functor F and elements x € F(Sl)’
y € F(8,), we introduce the notation x + y to denote the
unique element of F(S; U S,) satisfying Kg x Kg(x + y)
= (x,y). Thus Kg(x +vy) = x, and Kg(x +y) =y. For the
remainder of this section, assume we have a fixed additive
contravariant functor F:a -~ AM.

For any G-set S, we form the category (G,S,F) as
follows:

14
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Objects: Triples (T,¢,x) where T € G, ¢:T - S 1is a G-
map, and x € F(T).
Morphisms: A morphism (T,¢,x) > (V,y,y) 1is a G-map

a:T - V such that ¢ = Yo and uo(y) = X.

Given (T,¢,%)., V,v,y) in (G,S,F), define
(T,¢,x) & (V,y,y) to equal (T UV,6U U,x +y). The later
is an object of (G,S,F) since F 1is additive. It is
routine to check that & 1is a categorical coproduct for

(G,S,F). Also, by considering the pullback diagram

A

in G, we may define (T,¢,x)xs(V,w,y) to equal
(TxSV,¢xSw,w$(x) . Wg(Y)).

The operations £ and Xg satisfy all of the neces-
sary identities (check!) to form the half ring A;(S) of
isomorphism classes of objects in (G,S,F), with addition
induced by & and multiplication by Xg-. We denote the
associlated Grothendieck ring by AF(S), and refer to this

ring as the F-Burnside ring of G-sets over S. We let

[(T,4,x] denote the image of (T,4,x) 1in AF(S). The fol-

lowing lemma collects some standard results about the
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Grothendieck group of a category with product, as applied to

AF(S) (Bass 1968, pp. 344-47).

Lemma 3.1. (a) Each element. of AF(S) has the form
(T,¢,x] - [V,y,yl, £for suitable (T,¢,x), (V,¢,y) in
(G,S,F).

(b) [T,¢,x] + [V,y,y]l = [TU V,0 U v,x + y]l, and
[T,6,%] « [V,9,¥] = [TxgV,oxgi,ma(x) + 10 (¥)1] .
(c) I[T,6,x] = [V,y,y] 1if and only if there exists

(U,»,z) in (G,S,F) such that (T U U,o U A, X + 2)

v (VU U,y U A,y +2) in (G,S,F).

A Cancellation Theorem in (G,S,F)

The goal of this section is a strengthening of 3.1 (c).
Fixed throughout the present discussion is a G-set S, and

an additive contravariant functor F:G - AM.

Lemma 3.2. Suppose (T,a,x), (V,8,y) and (W,y,z) are
in (G,S,F), and that T 1is a transitive G-set. If
(T,a,x) © (V,8,y) » (Tya,x) & (W,y,z) in (G,S,F), then
V,8,y) » (W,v,2).

Proof. By hypothesis, (T g V,a U 8,x + y) o (T U w,o U v,
x + z), so there is a G-isomorphism ¢:T 0 V->TU W with
a 0 8 = (o d ¥Y) o ¢ and ¢0(x + z) = X + y. Since T 1is
transitive, and ¢(T) is non-empty, either ¢(T) = T or

5(T) € W. We consider these cases separately.
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Case 1) ¢(T) = T. Then ¢(V) = W. Write ¢ =u U A,
with U =¢[:T > T, and A = 6|,V > W. Let K:V~>TUV
and KW:W > TU W be inclusions. Clearly, ¢Kv = KWA.

OK%(X +z) = K3¢0(x +z) = Ks(x + y) =Y.

Thus, Ko(z) = A
Moreover, if v € V, then vA(v) = (e U Y)o(v) = (a U 8) (V)
= B(v), that is, yXx = B. It follows that A:(V,8,vy)
+~ (W,v,z) 1is an isomorphism, finishing this case.

Case 2) ¢(T) € W, and therefore T € ¢(V). Hence
we may write V =T 2
By additivity of F, write y = X

1

O V', where ¢(Tl) =T, and W =T
0 W', where o¢(T) =T

9

+ y' and z = x + z', where X € F(Ti), y' € F(V') and

2
z' € F(W'). We may also write ¢ = u UrxUS§, with u = ¢]T=

T > T x=¢|T :T; > T, and 6=¢]V,:v'—>w' all iso-

2’ 1
morphisms. As in Case 1, it follows that uo(xz) = X, KO(X)
= X and Go(z') = y'. Define ¢¥:V > W to be uA 0 8.
Then °(z) = (uA U 6>°<x2 +2z') = (uk)o(xz) 8%
= Aouo(xz) + 60(2') = % + y' = y. Finally, to show B = yu,
let v € V. Let KT:T - T U V be inclusion, so that u = ¢KT.
If v e Ty, then YY(V) = yh(v) = YOK ) (v) = (2U Y)o (Kph (v))
= (@U ) EAW)) =ad(v) = (@l v)o(v) = (@ U 8)(v) = 8(v).

If v e V' then vyu(v) = y8(v) = (@ U yv)o(v) = (= U 8) (v)

= B8(v). Thus y:(V,8,y) - (W,vy,z) 1is an isomorphism. O
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Theorem 3.3. Suppose (T,u,x), (V,3,y), W,y,z) € (G,S,F)

satisfy (T,a,x) & (V,B,y) o (7,0,x) S (W,y,2z). Then

(V,8,y) » (W,v,z).

n
Proof. Write T = U T., where each Ti is a transitive
i=1
G-set, and let a, = ulT :T; > S. By additivity of F,
i n
there exists Xy € F(Ti) so that (T,a,x) % = (Ti,ai,xi).

i=1

By the lemma, we may cancel the (Ti,ai,xi) one at a time

yielding the result. a

Corollary 3.4. [V,8,y] = [W,y,z] in AF(S) if and only

if (VIBIY) Y (V‘]IYIZ) in (GISIF)'

=

AF is a Green-Functor

We shall now establish the fundamental fact that AF
is a Green-functor. More precisely, fix an additive contra-
variant functor F:é -~ AM, then we shall define covariant
and contravariant morphism maps which turn the correspondence
S - AF(S) into the object map of a Green-functor.

Suppose S, T ¢ é, and oa:8 - T 1is a G-map. Then
the map (V,¢,x) » [V,a¢,x] from (G,S,F) to AF(T) re-
spects isomorphism in (G,S,F) and is additive (preserves
Z5). Thus there is an induced group homomorphism a* = A;(a):

(V,a¢,x], all

AF(S) > AF(T) satisfying a*([{V,e,x])

(V,o,x] € A_(S). To describe a map =z, = Ag, (2):A(T) - AL (8),
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note that for any (W,¥,y) € (G,T,F) we have a pullback

diagram

Wx, S —S » g
T
T
Y
W—— T
1]

0
hence an element [WxTS,wS,nW(y)] of AF(S).

Proposition 3.5. Given any G-map «:S - T, the correspond-

ence (W,y,y) - [WXTS,nS,w;(y)] induces a ring homormophism
ax:BL (T) > AL(S) satisfying o, ([W,0,y]) = [Wx;S ,ﬂs,w;(y)],
for all [W,y,y] € AF(T).

ggggg: Define \:(G,T,F) - AF(S) by AW,u,y)
= [WXTS,WS,W%(Y)]. It suffices to show that A is constant

on isomorphism classes, and that A respects & and X

(thus A induces «, above). Fix (V,¢,x), (W,9,y) in
(G,T,F).

i) If (V,¢,x) ~ (W,0,y), Choose B:V - W, a G-

S,

isomorphism, with ¢ =B and Bo(y) =x. If (v,s) € VxT

then a(s) = ¢(v) = v (B(v)), so that (8(v),s) € WxTS.

Thus the map y:VxTS > WxTS given by vy (v,s) = (B(v),s) 1is

a G-isomorphism. Plainly, TSY = Mg and Tl = Bﬁv. Thus
0

0 0,0 0 0
: Tw(y) = ﬂve (y) = ﬂv(x). It follows that Y:(VxTS,n (%))

Y
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0 (x)1

_0 , L .
- (WxTS,WS,uW(y)) is an isomorphism, hence [VxTS,wS,nV

= [WXTS,ﬂs,ﬂg(y)] in AF(S).

ii) To see that A respects <;, it suffices to
TrO
T s’''v
. 0 . ) ) .
((Vvu W)XTS,WS;HVOW(X + y)). Define (.VXT§ U WxqS

L ] L ] L ] 0
show that (VxTS U wx S,WS Uum (x) + ﬂw(y))

e

~ (v U W)xTS to be the identity. Evidently, Y is an iso-

0_0

morphism such that TSY =T g We need vy ﬂvow(x + v)

S S’
_ 0.z 0 . : .
= nv(x) + nw(y). Let K;:Vx, S ~ Vx 8 U Wx S and j,:V
- VU W be inclusions. Plainly, Taw Xy = jyTy- Thus
0, 0.0 . . . .. .
KV(Y ﬁmjw(x + y)) = ﬁgjg(x + y) = wg(x). Similarly, if
. . o . 0,,00, .
Ky WkpS VxTS U Wx;S is inclusion, then KW(Y ﬂVUW(§ + y))

0 L 0.0,
nw(y). By the additive of F, vy W
0 . 0

(X'; V)

1l

iii) To show that A respects x it suffices to

SI

0 0 0
show that ((VxTW)xTS, WS, nVXTW(nV(x) nw(y)))
N (VX S)x (Wx._S), T.X.T ﬂo (wo(x)) . wo (wo( 1))
= T g R Tstssr vk stV WxS W Yiri-.

Define Y:(VXTW)XTS -~ (VxTS)xS(WxTS) by v ((v,w),s)
= ((v,s),(w,s)). Then v 1is the canonical isomorphism, and
" it follows easily that Mg = (nsxsns) ° v. Moreover, the

following diagram commutes
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y TrWXTS
(VXTW)xTS — (VxTS)xS(WxTS) _— WXTS
m i
VxTW W
W
VxTW — W
il m
\Y4 VxS
! ¢ T
v Vx_S
Ty T
0, 0 0 0 0 _ 0
Thus, Y (ﬂVXTS(WV(X)) nWXTs(ﬂw(y))) = (anVszy) (%)
e om0y = (momo. %) - (momo ) ()
W Wx,.S Y ViVx W wvx w VY
T T T
_ 0 .0
= WVxTW(ﬂv(x) ﬂw(y)). d

Theorem 3.6. Let G be a finite group, and F:G - AM be

an additive contravariant functor. Then Ap = (Af/AL.) is

a Green-functor.

Proof. We must verify the axioms 2.6(a), (b), and 2.7 (a),
(b), (c).
Axiom 2.6 (a). Let
X ._..__...2_._.-> X2
X, ——Y
1
1

be a pullback diagram in G. We must show that ¢2*¢i = L3

AF(Xl) > AF(X2)° Let (S,u,x] € AF(Xl)' Then
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6,408 ([8,0,%]) = [X,x 8,7 ,72(x)], and w4y ,((S,a,x])

2¥y "x2
= [XxX S,wzwx,%g(x)], where the pullback diagrams
1

Ts %s
x2x S ——— 8 XX, § —— S
Y xl
ﬁXZ 1 l¢la and le la
R
X2 ————;——+ Y X xl
2 Y1

explain our notation. Define Y:Xxx S - szYS by Y (x,s)
1

= (wz(x),s). Using the fact that X 3 X it is easy

. 1%y Xpo
to see that <y 1is an isomorphism of G-sets.

It is equally evident that vz = ﬁX Y. Since
2

%S = “SY’ it follows that v W (x) = %S(x). Thus

I | 3 3 1
Y-(XXX S,uzwx,ns(x)) -+ (szYS,nX ,ns(x)) is an isomorphism.

1 2
Thus, ¢,,97 = V3V 4.
Axiom 2.6(b). Let S

S be G-sets, and let Ki:

1’ 2

S; » Sy G S, be the inclusion maps. We show that K;, % K,,:

AF(Sl U 52) >~ A (Sl) X AF(SZ) is an isomorphism by exhibiting
its inverse. We define B:AF(Sl) X AF(SZ) - AF(Sl-U Sz) by
that this is well defined). It suffices to show that

8 o (K x K.,) and

1* 2%
(then 3 1is a ring isomorphism). First let [T,:s,x]

(Kyp ¥ Kyu) © 8 are both the identity

Then 8 o (Kl* X Kyu) ([Ty0,x1])

0
T (X)] , [Tx % S
1 T SlUSZ

€ AF(Sl u SZ).

= BTxg gs.5

0
In 2 T (X)])
1YS;, T

I 1]
178 2 52
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3 O Y fbo
‘e S;) U (Tx. %« S,) ., U m. ,7.(x) + m.(x)], where
SlUS2 1 SlUS2 Sl 82 T T

the following pullback diagrams explain our notation.

= [(Tx

™ ™
Sl 52
TXe {ja S, —— S TXa (1@ Sy —> S
l SlUS2 1 1 SlUSZ 2 2
Tl 1 T 2
T ~ s, U s T ~ s, U s
¢ 1 2 b 1 2
. . . = LEAY]
Define «y:(Txg yg S;) U (Txg yg S,) > T to be vy =mpuy mp-
1¥72 1772
Then y is a G-isomorphism such that ¢y =ng U g . We
1 2
. 0 0 0 ]
claim that vy (x) = mn(x) + ¥,(x). Let Ki‘szloszsi

> (szlOstl) U (szloszsz) be inclusion. By the additivity

of F, and symmetry, it suffices to show that Agyo(x)
= wg(x). This equation follows since Ykl = Tope Thus
. . 0 L4 ’\JO
v: ((Tx S.) U (TX. va SA)om U Te 1Tmx) + 1.(x))
slUs2 1 S,Us,"2 S, S,'"T T

- (T,6,x) 1is an isomorphism, so that g ° (Kl* x KZ*) is
the identity on AF(Sl U SZ)‘

X AF(SZ)' Then as easy computation shows (Kl* X Kz*)

° 8T r0ysx 1ITHr0,0%,]1) = ([(Ty U TZ)XSlUSZSl’”Sl'

0 A0 .
4l (X + X )]r[(T 0 T,)X S,,7 s T

T,0T, 1 2 1 2’7s,08,72"7s,” TT 0T, (X; + X))
(the reader can deduce our notation). By symmetry, it suf-

fices to show that (T;,5,,%x;) 2 ((T; U TZ)XSlUS2Sl’wSl'
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0 . . .
WT Ut (Xl + X2)). Define Y.(Tl U T2)xS Us Sl - Tl by
1772 1772
Y(t,s) = t. Note that if (t,s) € (Tl U TZ)xSlﬁszsl’ then
s = Kl(s) = (¢l U ¢2)(t) € Sl' Thus t € Tl and s = ¢l(t).
It follows that Yy is an isomorphism. Plainly, ¢ly = Tg s
1
so finallvae must check that YO(X ) = ﬂo s (X, + X,). If
1 TlUT2 1 2

A:Tl > Ty U T, 1is inclusion, then ﬂTluTz f Ay. Thus
ﬂo . (X + X ) = YOAO(X + X ) = YO(X ) Therefore Yy 1is
TlUT2 1 2 1 2 1°° !
the required isomorphism.

Axiom 2.7(a). Let S be a G-set, and let G/G
denote the one-point G-set. Define IS:S + S in the
only possible way, and let ls be the unit of F(S). Then
it is easy to check that [S,Is,lS] = lAF(S)'

Axiom 2.7 (b). This is shown in 3.5.

Axiom 2.7(c). Let o:S > T be a G-map. Let [V,¢,x]
€ AF(S) and [W,y,y] € AF(T). We must show that
a* (o, ([W,y,y]) * [V,¢,x]) = [W,v,y] = a*([V,0,x]). After ap-

plying the definitions of ao* and o, 1t is enough to show

- 0 0 0
that ((Wx,S)x.V,a o (WSXS¢),(ﬂwXTSWW(y)) © (g (%))
oY (WxTV,wa(a¢),%%(y) . %3(x)), where the following pullback

diagrams explain our notation.
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"3 Ty ?;v
WXTS — S (WXTS)XSV _— Vv WxTV _— v
m T 7 .
W % Twx_s ¢ Ty a0
T
W ——'w—-* T WXTS ——ﬂ_;—-—)— S W —-—T T
Define Y:(WxTS)xSV > WxTV by vy ((w,s),v) = (w,v). Then v
is a G-isomorphism such that « o (WSXS¢) = (wa(a¢)) °o Y
. N
(as one checks). Moreover, since nWﬂWxTS = MY and
_ . 0 ~O v0 _ v 0
Ty = TyYs it follows that v (nw(y) Ty (%)) = (WW{) (x)
v L0 .0 0 0 .
(NVY) (y) = (WWXTSNW(X)) (ﬂv(y)). Thus Y gives us the
required isomorphism. 0

A Basis for AF(G)

We introduce some notational conveniences. If H < G,
then G/H denotes the transitive G-set of left cosets modulo
H. We will denote AF(G/H) by AF(H)‘ In particular, if
H = G, then for any non-empty G-set T, there is exactly

:T » G/G. Thus we abbreviate the category

one G-map Nep
(G,G/G,F) to (G,F), the element [T,nT,x] of AF(G) to
[(T,x], and the object UnnT,x) of (G,F) to (T,x). Then

isomorphism in (G,F) of objects (T,x) and (V,y) 1is
equivalent with the existence of a G-isomorphism 3:T = V
with so(y) = X.

For any G-set 7, let WT = AutG(T). Especially,

if a € P, we shall atbreviate WS to Wa = AutG(Sa).
a
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We use W, to define an equivalence relation ~, on F(T),

T
namely, we say XV Y if and only if there exists a € WT
with ao(x) =y, X, Y€ F(T). For a € P we shall let

XY denote XVg Y- The following lemma is a direct con-
a

sequence of these definitions and Corollary 3.4.
Lemma 3.7. Let T be a G-set, and let x, Yy € F(T).

Then Xy if and only if [T,x] = [T,y] in AF(G).

Let Yy = y(G) = {s :a € P}. By 2.1(a), y is a
complete set of representatives of isomorphism classes of
transitive G-sets. For each a € P, choose a set Ra c F(Sa)
of equivalence class representatives under Vot The following
propostion may be viewed as the uniqueness statement in
Wedderburn's theorem.

m

Proposition 3.8. Fix a € P and suppose that ] [S_,x,]
i=l

n
= iil[sa'yi] for some x,, y, € R,. Then m=n, and

there is a permutation 7 of {1, ..., n} such that

X: = Ygpoayr @all 1.
t () m . . n .
Proof. By 3.4, (.E Sqr¥y t ... tx )L ('g Syr¥y * .-
i=1 i=1
L] Ip rﬁl
+ v_), in particular, Us.» US_,, so m=n. For
n . a = a
i=1 i=1l
notational ease, we set S; = Sa' 1 < i< n. Choose an
I:l i Inl 3 0 . .
isomorphism a: (j s¥ > J st with &°(y, + -ty ) =X
i=1 a izl a 1 n 1

.

+ ... + x . For each i, a(s;) is a transitive subset of
n
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0 Si, so there is an index w(i) with a(S;) = S:(l).
j:
This defines 7. Since « 1is an isomorphism, =7 is a
i B3
permutation of {1, ..., n}. For each i, let Ki:Sa ~ U s
. :]-_'-l
. . o i T (i) .
be inclusion, and let o, = af ,:8° + S . Plainly, «kK,
. i gl ma a i
a
=K ,,.a.. Thus al(y ,.\) =a’%° . (y, 4 Iy
m(i) "1 it (i) ivm (i) 1 n
_ 0 0 » . — L] [} _ .
= Kia (yl + ... F yn) Ki(xl + c.. + xn) = X;. Since
R (1) . . . i _ o (i) _
ai. Sa > Sa is an isomorphism, and Sa = Sa = Sa’
it follows from the fact that X wai) € Ra that
X; = yn(i), all 1i. 3
Theorem 3.9. Let F:G - AM be an additive contravariant
functor. Define Bj = {[Sa,x]:a € P(G), x € R;}. Then By

is a 2-basis of AF(G).
Ty,
1

Ti a transitive G-set. By additivity of F, we may find

with each

I Cos

Proof. Let [T,y] € AF(G)' Write T =
i

. n
elements y, € F(T;) with [T,y] = ) [T;,vy;]. For each i,
i=1

choose a, € P and an isomorphism ai:sa. - Ti' Then, for
i

each 1, there is a unique Xy € Rai with ag(yi)%aixi.

Thus (T,,y;) % (Sai,ag(yi)) v (sai'xi)' so that [T,y]

= izl[sa,xi], and BF spans.

For independence,ifirst suppose there is a dependence

relation c.[s 'Xi] = 0 for some fixed a € P, where

1 a

e~

i=1
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X # xj if i # 3j, and cy is non-zero, all i. Then by

Proposition 3.8, the equality CZ>Oci[Sa,xi] =c';<0(-cj) [Sa’xj]
i J
yields X, = xj for some i # j, a contradiction. In
general, if there is a dependence relation Z I ¢ [s_,x]
a,x "a
acpPh xeRa

= 0, then since the Sa are pairwise non-isomorphic,

Corrollary 3.4 yields ) ¢ [s.,x] = 0, for each a € P.
<CR /X @
a
By the above argument, Cyx = 0 for all a € P, x € Ra' a
4

Finally, let us consider the case when the relation

N is trivial.

Definition 3.10. Let T be a G-set. An element x € F(T)

is normal if given any ac¢ WT = AutG(T), we have ao(x) = X.
Let FN(T) denote the set of all normal elements of F(T).

A G-set T 1is normal over F if FN(T) = F(T). If every

G-set T 1is normal over F then F is called normal.
We collect some facts about normality.

Proposition 3.11. Let F:G - AM be an additive contra-

variant functor, and let T be any G-set.

(a) FN(T) is a subgroup of F(T). In fact, if we

let Wy = {4 :c € Wy} C Aut (F(T)), then F_(T) is the
0

fixed subgroup of F(T) under the action of W
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(b) If nT:T +~ G/G denotes the canonical map, then

. 0
image (nT) E_FN(T).

(c) If Sa is normal over F, then Ra = F(Sa).
In particular, if F is normal, then B, = {[Sa,x]:a € P,

X € F(Sa)}.

The proofs of these statements are trivialities.
Under the assumption of normality for the functor F, the
Green-functor AF is especially computable. Indeed, its
theory resembles that of the Burnside ring functor A. It
will be the topic of Chapter 6 to describe some of these

connections.



CHAPTER 4
FUNCTORIAL PROPERTIES

Fixed throughout this chapter is a finite group G.

G

We shall denote by AM the category of additive contra-

variant functors PF:G - AM, with natural transformations as

G the category of Green-functors

M:G - AB. Given M € GFG, it follows that M, € AMG, where

morphisms, and by GF

for a G-set S, M, (S) 1is the multiplicative monoid of M(S).
By axioms 2.6(b), 2.7(a) and 2.7 (b), we obtain the forgetful
functor U:GFG - AMG given by U(M) = M,. By general ex-
istence theorems, a left adjoint must exist for U. The
purpose of our present discussion is to show that the cor-
respondence F - AF' from AMG to GFG, defines such an

adjoint. We must first establish that this correspondence

defines a functor.

Proposition 4.1. Let Fl, F2 € AMG, and let «,':Fl > F2

be a natural transformation. Then there is an induced

natural transformation of Green-functors ?:AF - AF , such
1 2
that for all s € G, I[T,$,x] € Ay (5), 9g5([T,0,x])
1

(T,0,97 (0] € By (S

30
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Proof. Let S € G. Define hgt (G/8,F)) » By (8) By
s(T,¢,x) = [T,¢,YT(X)]. We must first check that AS
respects isomorphism, <, and Xg- Let (Ti,¢i,xi)
€ (G,S,Fl), i=1, 2.
i) Suppose a:(Tl,¢l,xl) ~ (T,s4,+%,) 1is an iso-

morphism, so that Fl(a)(xz) =x; and ¢; = ¢,a. Since vy

is a natural transformation, Fz(a)YTz(xz) = (Tl l(oc)(x )

= YTl(xl). It follows that a:(Tl,¢l,yTl(xl)) . ~

> (T2,¢2,YT2(XZ)) is an isomorphism in (G,S,Fz). Thus, by
Corollary 3.4, AS(Tl,¢l,xl) = [Tl,¢l,YTl(xl)]

ii) AS respects . Need AS(Tl,¢l,xl)

+ox )]. It suffices to show that YT (x.) + YT

Yo 0 (X (x,)
TlUT2 1 2 1 1 5 2

xl + x.) in Fy(T; U T2). By naturality,

(xl + x2)

YT

Thus, FZ(Ki)YTlUTZ = YT l(K ) (%, + x2) = v (xi).

By additivity of F,, this shows YTl(xl) + YTz(xz)
= Yo gt (xl + x2), as needed.
1772
iii) A respects x.. Computing, as above, we must

] S

show that TlxsT2’¢lXS¢2'YT % T2

(F,(m ) (%) =« Fo(7,)(x,))]
1%g 1'1 1 11 2



32

= [TlXST2}¢lXS¢2,F2(Wl)(YTl(xl)) . FZ(YZ)(WTZ(XZ))], so it

suffices to show v (Fl(ﬁl)(xl) . FZ(Wz)(xz))

TlXSTZ

= F (M) (Y (x7)) ¢ F,(m,) (Y
21 Ty 1 2'°2 2

follows immediately, since by naturality of v,

T (x2)) in FZ(TlXSTZ)' This

YT < T Fl(ni) = Fz(wi)YTi, i=1, 2.

17s~2

It follows that there is an induced ring homomorphism

?S:AFl(S) - AFz(S) satisfying 94([T,¢,x]) = [T,é,v,(x)].

We now show ¢ = {?S:S € G} is a natural transformation of

Green-functors AF - AF . Let a:S > T be a G-map. We
1 2

must show that ?TAg (a) = A§ (a)?szAF (8) ~ A (T), and
1 2 1 2

that ?SAFl*(a) = AFZ*(a)?T:AFl(T) - AFZ(S).

If [V,6,x] € Ay (S), then ¢ A% (a)([V,s,x])
1 1

Il

?T([V1a¢rx]) = [Vla¢IYV(X)] = A§2(a)([VI¢JYV(X)])

= Agz(a)?s([V,¢,x])-

Conversely, if ([W,¥,y] € AF (T), then
1
?SAFl*(a)([W,w’y]) = ?S([WXTSIWSIFl(WW)(Y)]) = [WXTSIWSI

Fl(nw)(y)], whereas, AFZ*(a)?T([W,w,y])

[WXTS,WS,FZ(WW)YW(y)]. By naturality

Y
WxTS

= AF *(a)([WIWIYW(Y)])
2

of v, YWXTSFl(“W)(y)

it

Fz(ww)yw(y). | a

Corollary 4.2. The correspondences F - AF’ v - % define

. G
a covariant functor from AM +o0 GF
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Conversely, we have the following.

Proposition 4.3. Let F ¢ AMG, and M € GFG. Given any

natural transformation ¥Y:F - U{(M), the prescripition
AV}

YS([T,¢,X]) = M*(¢)YT(X)=AF(S) -~ M(S) defines a natural
transformation of Green-functors :?:AF - M.

Proof. Fix S € G. Define : (G,S,F) » M(S) by

>\S
Ag(T,0,%) = ¢*y,(x), where ¢* = M*(¢):M(T) > M(S). As
usual, let (Ti,¢i,xi) € (G,s,F), i=1, 2.
i) KS respects isomorphism. Suppose a:(Tl,¢l,xl)
. . . 0
> (T,,9,,%,) 1is an isomorphism, so that o (x,) = x; and

¢l = ¢2a. By Frobenius reciprocity (2.7 (c)), AS(Tl,¢l,xl)

- - \ 0 = b -
= 0Fvqp (x7) = oFa*y, (0" (x,)) = PJA*% LY (x2) = 03 (Yq (xz)
1 1 2 2
* = =
a (lM(Tl))) ¢§YT2(x2) Ag(Tyrbyixs) .
ii) XS is additive. By Frobenius reciprocity,

naturality of vy, and Proposition 2.10, we have

[ ] 0 L]
(¢l U 0y © Kl)*yTl(Kl(xl + x2))

. 0 .
+ (¢l U 9, © KZ)*YTZ(KZ(Xl + xz))

+-e

(o, U ¢2)*KTK1*YT10T2(X1 X5)

-+
»

+ (o U ¢2)*K3K2*YT10T2(X1
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X
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+

2) Kf(lM(Tl)))

F 0y U 0p) (g gy by ¥ ) ¢ KY Uy g )

I
N
I-—l
-
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*
oy
=
c
]
X
l,_l
+

X,) URFK , + K§K2*)(1M(T10T2))))

) * . } = ~
iii) AS respects Xge Using Frobenius reciprocity,

and 2.6(a) we have

Mg ((T) 18y /X xg (To 0, ,%,)) = Ag ((T X To 6% 0,70 (1)) = 10 (%))

0 0
(¢, xo0,) *Y (ro(xy) * 75(x,))
17872 T %T, 1 1 22

1l

N 0 . A 0
(¢lxs¢2)*(leXST2(ﬂl(xl)) {TlXSTZ(ﬂz(XZ)))

= ¢f“1(“1*YTl(X1) . ﬂz*YTz(xz)) = ¢i(YTl(x1) . ”f”z*YTz(xz))
* ’ ,
= ¢{(YTl(xl) . ¢l*¢2YT2(X2)) = ogYTz(xz) . ¢fYTl(xl)

il

Ks(Tllelle) . AS(T2'¢2’X2) .

It follows that AS induces a ring homomorphism
?S:AF(S) +~ M(S) satisfying ¥S([T'¢’X]) = M*(¢)YT(X). To
see that % = {$S:S € CA;}:AF - M 1is a natural transformation
of Green-functors, let :S > T be a G-map. We must show
that Y Ak(a) = M*(a)¥g:Ap(S) - M(T), and that

Vohpw (1) = My (@)Y AL (T) - M(S).
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If [V,0,x] € A (S), then ¥, AX(a)(LV,6,x])
= Yo (IV,00,x]) = M* (@o) v, (x) = M* (@)M* (§) vy (x)
= M*(a)Yg ([V,4,x]).
Conversely, if [W,¢,y] € AF(T)’ then
?SAF*(a)(tw,wry]) = ¥S<[Wsz,wsn§<y>1>_= igYWXTS(n%(y))

= ﬂgﬂw*YW(y) = a*¢*YW(y) = M*(a)yT([W,w,y]), using 2.6(a).

We can now prove the main theorem of this chapter.

Theorem 4.4. The functor F =~ AF from AMG to GFG is

G
the left adjoint of the forgetful functor U:GF - AMG.

Proocf. Fix F € AMG, M€ GFG. We must establish a

natural bijection Nat(AF,M)++ Nat (F,UM). Define
2:Nat (Ap,M) ~ Nat(F,UM) by @(v)g(x) = vg([S,1g,x]), and
Y:Nat(F,UM) > Nat(A,M) by ¥(y) =Y (which is well defined
by 4.3). We now show that ¢ and Y are inverse bijections.

If v ¢ Nat(AF,M), Sse€ G, and [T,¢,x] € AF(S)'

")

then (¥o(Y))g([T,0,x]) = 2 (V) g(IT,4,x]) = M*(9)0 (Y)(x)
Yo = 1.

If Yy € Nat(F,UM), S € G, and x € F(S), then

- U (- = = M*

(QW(Y))S(X) = V({)S([S,IS,X]) = \S([S,ls,xl) M (ls)Ys(X)
= Ys(x). Therefore oY = 1. All that remains is to show
naturality in ¥ and M.

For the 'F' wvariable, let <vy:F., = F2 be a natural

1

transformation in AMG, and let ?i:Nat(Fi,UM) > Nat(AF , M)
i
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be the function given above, 1 = 1, 2. We must show that

for any © € Nat(F,,UM), we have VY, (Qy) = ¥Y_(0)y:A -~ M.
2 1 2 Fl

Let S € 8 and [T,¢,x] € AL (S). Then ?l(ey)s([T,¢,XI)
1

i

(O%) g (IT,8,x1) = M* () (O9Y) (%) = M*($)Ov, (%)

¥, (0) LT 0,7, (x)]) = ¥, (0) 94 ([T,4,x]) .

For the 'M' wvariable, fix F € AMG, and let

Y:Ml - M2 be a natural transformation of Green-functors.

We must show that for any O € Nat(F,UMl), we have y?l(e)
= WZ(YQ):AF - M2. Let S € G and [T,0,x] € AF(S). Then
(Y¥ (8)) g ([T,8,x]) = Yg¥] (B) S ([T,0,x]) = v 8. ([T,6,x])

= YGME (80, (x) = M3 ()Y O (x) = M3 () (v0) 1 (x)

¥y (YO) g ([T, 0,x1) . O

Of course, if we let M = AF’ then adjointness im-

plies that the identity transformation 1 € Nat (Ag,Ap)

Bp

determines a universal arrow <I>(1AF):F<+UAF (MacLane 1971,

pp. 77-84). Explicitly, we have ¢ (1 ) = [S,ls,x],

AF)s(x
all S € 6, X € F(S), and the universality may be

rephrased thus:

Corollary 4.5. Let F € AMG, and @(lA ) :F » UAL be the
F
natural transformation given above. Then, given any Green-

functor M, and natural transformation +v:F - UM, there is
a natural transformation of Green-functors ?:AF + M (given

as in 4.3) such that =+ = ?@(l ) .

Ap
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Now the functor IX:G »~ AM, which associates to each

G-set the monoid consisting of the identity alone, is both an

initial and final object in AMG. For each F € AMG, we

let aF:I ~ F and

formations. Since

QF:F - I Dbe the canonical natural trans-

;FaF:I - I 1is the identity, it follows

that for each G-set S, aF’s:AI(S) > AP(S) embeds A_ (S)

I(
as a direct summand of AF(S), and that 8F S:AF(S) > AI(S)

is surjective. In particular, the correspondence (T,¢)

+~ [T,¢,1l] 1is an isomorphism A(S) - AI(S), where A(S)

the Burnside ring of G-sets over S (Dress 1971, pp. 54-61),
and thus we may (and do) identify A(S) with a subring of
AF(S). Explicitly, A(S) u image (aF,S ° 8F,S) < AL (S),

any F € AMG. This observation will be useful later when we

shall exploit the known properties of A(S) in determining

those of AF(S)' For example, using the fact that &F and

tF are natural transformations of Green-fuhctors, together

with the fact that A v A is an initial object in GFG

I
(Dress 1971, p. 79), we obtain

Corollary 4.6. For any F € AMG, AF is an initial object

in the category of Green-functors: G - AB.

Finally, we can compute the defect basis of AF’
Indeed, since the defect basis of the Burnside ring functor
is the set of all éubqroups of G, the following corollary

is obtained.
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_Corollary 4.7. For any F € AMG, the defect basis of A,

is the set of all subgroups of G.
Proof. This follows directly from Dress (1971, p. 87), and

the existence of &F and 8F' 0O



CHAPTER 5
STRUCTURE THEORY

Fixed in this chapter are a finite group G, and a
functor F € AMG. By Theorem 3.9, AF(G) is torsion free
(as an abelian group), and thus it embeds faithfully in the
tensor product Q@zAF (G). For simplicity we shall denote
Q(:)zAF(G) by @AL(G), and consider its elements to be
rational multiples of elements of AF(G)‘ The principal aim
of this chapter is the explicit computation of QAF(G). In

the next chapter we will use this characterization to examine

the prime ideal structure of A?(G) when F is normal.

The Structure of QAF(G)

As discussed at the end of Chapter 4, A(G) u AI(G),
and we may identify A(G) with the subring of AF(G) con-
sisting of the elements {[S,1] - [T,1]1:S,T € G}. 1In

particular, from Chapter 2, ®@A(G) has primitive idempotents

{ea:a € P}, where e, = bz Ab’a[sb,l], and multiplication
P
in ©QA(G) satisfies [Sa,l][sb,l] =-cgpvarb'c[sc'l].

Lemma 5.1. Let a, b€ P and x € F(Sa). Then for some

Z

a, [Sa-,xj], where

1 73

]
c‘ - .
aj < a and xj € “(Sa.)’ 1 <3 <r.
J
39
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Proof. Set n =V If a b, then n =0 and the

a,b,a
result is clear. Assume a < b, and set S; = Sa’ 1 i.i
< n (possibly n = 0, but this gives no trouble). Then
s x5 vstU ...U0s?0 Us =85, where a, <a, 1 <
a b = "a a - I ! j ’ -
=1 7]
i <r (by 2.2(c)). Let a:S - S, Sb be this isomorphism,
and let Ki:s; > 5 zj:Sa -~ S Dbe the canonical injections.
J

Let m:s, X Sb > 5, be the projection map. Since each com-
posite naKi:s; = Sa - Sa is a G-map, it must be an auto-

morphism, by the transitivity of S,- By Lemma 3.7, [Sa,x]
i 0 . 0
= < =
[Sa,(vaKi) (x)] 1 <1i<n. Set xj (wazj) (x) € F(Saj),
1l < j <r. By the additivity of F, and the above comments,

(s, x1[s,,11 = [s_ * 5,7 (x)]

15,070 (x) ]

1

= ¥ st kQ%0%01 + ] (s, 230070 (x)]
i=1 j=1 J
n r
= izl[sa,x] + jil[saj’xj]
r
=V, p alSgrx] + jEl[saj R O

We now generalize Proposition 2.4.



Proposition 5.2. Let a, b€ P with b £ a, and let

X € F(Sa). Then [Sa,x]eb = 0.
Proof. The proof proceeds by induction on a € P with

respect to <. If a =1, then by 5.1 and 2.3,

[s,,xie, = 7 Ao, plSyrx108,,1]

41

ceP
= (cezp}‘c,bvl,c,l)[sl'xl 0.
Assume ([S_,yle, = 0 whenever c < a and vy € F(Sc) (thus
b £ c, since b £ a). Then
[Sa,x]eb = [Sa,x]eb - ey
= cgpkc,b[sa’x][sc'l]eb
Lo
= JA (v (s ,x1 + [ [s ax. _De
4 c,b''a,c,a" "a 521 aj,¢ j,C b
= (gkr,b a,c,a) [Syrxley
r
) ZCA (s ]
+ /X e
¢ =1 c,b aj,c j,c” b
Since each aj c < @y induction implies that all
?
[Sa. 'xj,c]eb = 0, and thus, [Sa,x]eb
J.c
= (JA_ ,V )[S_,%x]e,.. The hypothesis b # a implies that
L c,b a,c,a a b L
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either a < b or agZb. If a < b, then 2.3 implies

Zxc’bva’c,a =0. If agb, then a f£c for all c < b,

so that V =0, all ¢ < b by 2.2(c). But if ¢ ¢« b,
a,c,a - Vol
then Ac,b = 0 by definition. Hence éxc,bva,c,a = 0 in

this case also. 1In either case, this implies [Sa,x]eb = 0.0

The next step is the explicit computation of the

product [Sa,x][sa,y]ea, any X, Yy € F(Sa). To obtain

this, we must recall an isomorphism yielding the decomposi-
tion of S, * S, into transitive G-sets. For any a € P,
recall that Autg(S) ¥ N, (H )/H_, in particular |AutG(Sa)|

= Va' We just state the following lemma.

Lemma 5.3. Let a € P, and set S; = Sa, 1 <ic< Va'

Say that AutG(Sa)

a.:St + s x s by ai(s) = (s,oi(s)). Then there is a

{oi:l < i< Va}. For each i, define

i*"a a a
(possibly empty) set {aj:l < j < n} <P with each aj < a,
v

n
and an isomorphism cc:Sl U ...uU s 2y Uus_.» S_ xS such
a a 5=1 aj a a
i l . . a . rc)'
that if K.:8” -~ s U ... U S 0 U s is inclusion,
1 éL 1=} a ]=l aj

then ai = aKi, all 1i.

Since F is a functor, there is a natural action of

(J—l)

W. on F(S), for any G-set S, given by ¢ * x O(x),

S
Xx € F(S), o € W.. Contravariance implies (ot1) -+ x

S
-1 -1 -1.0 -1.0
) T "¢ ot

= (o) 1) %) = ¢ 10%) = ™ H% %) =6 (x - x).



For brevity we denote ¢ * x by X - This action plays a
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key role in the structure of QAF(G), as illustrated by the

following lemma.

Lemma 5.4. Let a € P, x, Y€ F(Sa). Then

[s,/x1[5,,vle, ;o Is .xy le,.

oewa

Proof. Let {aj:l < jJ<n} CP, a, a;; Ki be as in

n
Lemma 5.3. Denote S = S U U s, . and let

173

.25 x Sa > Sa be the coordinate projections, i =1, 2.

i‘Ta
Using the additivity of F, together with 5.2 and 5.3 we

have

[s, x Syemp(x) « m5(y)le,

[s,,x1[S,,vle,

0 0
= [S,o (nf(x) o y))le,

A%
a

i ,0 0,0 0
= igl[s;,xia (m] (x) » 7y(y))le,

v
3 .
= i 0, 0O 0
ig [S e (m (x) + 7 (y))]

e
a

= Ltsh a0 - e Pile,
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\%
a
0
= §=lgs x (9 ()]e,
= ) I[s_,xy_.le_. O
a 0" Ta
UGWa

Corollary 5.5. Suppose a € P, x € F(Sa), y € FN(Sa).

Then [Sa,x][sa,y]ea = Va[sa,xy]ea.

The following lemma will be crucial in computing the

prime ideals of AP(G), when F € AMG is normal.

Lemma 5.6. Let a € P, x € F(Sa), and vy € FN(Sa). Then,

[s ,x.1, where a. < a,
a J J

n
(S, x118,,71 = V(S %yl + T ;

J

x, € F(Saj), all 7.

Proof. Let {aj:l < 7 n} <P, a, o;,, K. beas in 5.3,

1 1

.

and let S = si g ... U s

n
U 2 S . Let ﬂi:Sa X Sa - Sa

be the coordinate projections. By Lemma 5.3, rlaKj:sg

_ N . . . e .ad = .
Sa Sa is the identity map, and n2¢K..S Sa > Sa is

a G-automorphism, all Jj. Therefore, x = (wlaKj)o(x), and

- 0 . -
y = (wzaKj) (y), all Jj, since y € FN(Sa). Thus,

(5, /x1[S_,¥] = [S, * S_,70(x) + 7, (y)]

o

(s, (7 Yty - (7,0 )]
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]
g,
w0
Ry
-
=3
H
Q
=
f—l.
L —
o
s
)
)
Q
=
|,_l.
o
<
—~

n
+ ) [s ,xj], some Xy € F(S_ )

j=1 @3 25
b ;
= [S_,xy} + [s_ ,x.]
i=1 @ j=1 %3 J
n
= Va[Sa,xy] + 'Z [Sa ,X. 1. O

j=1 25 J

For any monoid H, Let QH denote the rational
group algebra. For a € P, define wa:QF(Sa) - QAF(G) * e,
! _ =1
by wa(x) = Va [Sa,x]ea, all x € F(Sa), then extend

linearly to all of QF(Sa).

Lemma 5.7. For any a € P, wa is a surjective Q@-space
homomorphism.

Proof. Everything is clear except surjectivity. It is suf-
ficient to show that for any b € P, x ¢ F(Sb), [Sb,x]ea
€ imwa. We proceed by induction on b. First note that if
a £ b, then [Sb,x]ea = 0 € imwa, by 5.2, and if a = b,
then [Sa,x]ea== wa(Vax). In particular, this covers the case
b =1. Assume that b > 1, and that whenever ¢ < b and

y € F(Sc), then [Sc,y]ea € imwa. We may also assume a < b.

Applying 5.1 and 2.5(a) we have
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a

V—l
a

[Sb,x][Sa,l]ea

-1

= Va Vb,a,b

r
-1

j [Sb-’xj]ea’

1 J

), 1 <j<r. Since a < b,
bj -J =
Vb,a,b = 0 by 2.2(c). By induction, each [S, 'Xj]ea ¢ iny,

]

where bj < b, and xj € F (s

so thau

r
jgltsbj,xj]ea € imy,. a

-1

[Sb’x]ea = Va

If Ss€ G and o0 € W then clearly o + (xy)

sl
= (og*x)(o°y), all x, y € F(S). It follows that Ws acts:
w
as a group of ring automorphisms on QF(S). We let QF(S) S
W
denote the fixed ring under this action, that is @F (S) 5

= {x € QF(S):0 * x = x, all g ¢ WS}. Then there is a 90—
space epimorphism p:QF(S) +~ QF(S) given by p(x)

[-'l J o ¢ x. Note that the restriction of p to
O'EWS

1
QF (S) S is the identity; moreover, p(xp(y)) = p(x)o(y), all
X, Y € QF(S). If a¢ P and S = Sa’ we denote 6, = P-

Thus 5_(x) = V~l %ch « X, all x € QF(Ss_).
é a o€ a
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Proposition 5.8. Let a € P. Then wapa = @a. Moreover,
W

the map xa:QF(Sa) a

T QAF(G)ea, given by xa(x) = wa(x),

W
all x € QF(Sa) a' is a surjective Q-algebra homomorphism.

Proof. If ¢ € Wa' then by Corollary 3.4 [Sa,x] = [Sa’xo]’

all x € F(Sa), hence wa(x) = wa(xo), all x ¢ F(Sa). But

_ o1 -1 7 N
then, wapa(x) = Va og% wa(xg) = Va 05% ¢a(x) = @a(x). The
a a

first result follows, since F(Sa) spans QF(Sa). Furthermore
the surjectivity of wa’ together with wapa = wa’ imply that
Xa is surjective. To see that X is an algebra homorphism,

let x, vy € F(Sa). Then

xa(p(X)o(y)) xa(o(x - p(y)))

= wa(x - pl(y))

=V Zuf;(xy)
céwa a 9

-2
v y [s_,xy le
a o, a g’ - a

Vi1, x108,,vle, (by 5.4)

-1 -1
(Va [Sarx]ea) (Va [Sarx]ea)

= ;a(X) . va(y) = xa(o(x)) . xa(p(y)).
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W
Since the elements {p(x):x € F(Sa)} span QF(Sa) 2, X4

is a Q-algebra homomorphism, as asserted. a

As we shall presently show, each Xa is an

isomorphism.

Lemma 5.9. Let S € G and x, y € F(S). Then XNy if
and only if pix) = p(y).

Proof =»). Suppose there is some o € W wiﬁh ao(x) = vy.

S
Then
poly) = lwsl-l ) co(y) = |WS|_l ) ooaO(x)
CEWg OEWg
= g™ T @) = g™t T % = a).
GEWS O’EWS

<=) Suppose p(x) = p(y). Since F(S) is a @-basis of

QF (S), the identity ] 0 (x) = ) co(y) implies that
o€Wg oEWg

o (x) = ro(y) for some g, T € WS. If o = OT—i € WS’

then ao(x) = y. Thus XNy -

Lemma 5.10. Let xl, ceer Xo € F(Sa), with xi%axj if

i# j. Then {[Sa,xi]ea:l <1 <n} 1is a linearly inde-
pendent set in QAF(G)ea.

Proof. For any i, Lemma 5.1 implies that [Sa,xi]ea '
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n
+ ) A [s_,x.1[8.,1] = [s_,x.1 + } c.I[s_ ,y.l, some
hla b,a""a’""i" ""b a’'’i j21 3 @yl
aj < aé€p, cj € 2, Yj € F(Sa ). Therefore, if there is a
J

n
dependence relation izldi[sa,xi]ea = 0 (where d; € &

without loss of generality), then Corollary 3.4 together with

n

the above yields a dependence relation [ d, [s,,x;1 = 0.
i=1

By Theorem 3.9, and the assumption on the X; it follows

that di = 0, all 1i. '

Theorem 5.11. For any a € P, the map
W

. a
xa-QF(Sa)

- QAF(G)ea is a P-algebra isomorphism.
Proof. All that remains is injectivity. If Ra is a

set of representatives for "y in F(Sa), then by Lemma 5.9,

W
{pa(x):x € Ra} spans QF(Sa) 2 as a O-space. By Lemma 5.10,

the set {xapa(x):x € Ra} = {V;l[sa,x]ea:x € Ra} is linearly

independent over @. The result follows. a

Theorem 5.12. Let G be a finite group, and let F:G - AM

be an additive contravariant functor. Then the injections

W .
X_.:QF (S_) a QA_ (G)e induce a @-algebra isomorphism
a a F a
Wa
X = (Xa): it QF(Sa) - QAF(G)-
aecp

In particular, if everv transitive G-set is normal over F,

then
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QA (G) » T QF(S_).
Aptel x T OFIS,

We remark that the only denominators used in the
proof that X 1s an isomorphism were divisors of powers of
|G|. Thus this theorem is valid upon replacing £ by any
field K, where char(xK) [ |G].

Several ring theoretic properties of QAF(G) now

become transparent. We single out the following.

Corollary 5.13. Suppose F:é + AB 1is an additive contra-
variant functor satisfying |

i) for all s ¢ é, F(Ss) 1is torsion, and

ii) every transitive G-set is normal over F. Then QAF(G)
is a von Neumann regular ring.

Proof. If S € 8, then F(S) is a torsion abelian group,
hence it is locally finite. By a theorem of Villamayor
(1958), the group algebra QF(S) is von Neumann regular.
Since the product of regular rings is again a regular ring,

the result follows from the second part of Theorem 5.12. O

Corollary 5.14. If F:G -~ AB 1is any contravariant additive

functor, then J(QAF(G)) = 0.
Proof. By a result of Montgomery (1976), if R is any

ring acted upon by a finite group W of ring automorphisms,

-

and if IW|-1 € R, then J(RY = J(R) N R, Applying this

to R = QF(Sa) and W = Wa’ it follows from Passman (1971,
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W

p. 73) that J(QF(Sa) 8) = 0. Since the radical respects
products of rings, the result is a direct consequence of

Theorem 5.12. a

The Structure of QAF(G/H)
Theorem 5.12 effectively computes QAF(G). We shall
now indicate a construction which will permit the computation

of QAF(G/H), for any subgroup H < G.

Definition 5.15. If H < G and S is an H-set, then the

fibered product of G with S, denoted GxHS, is the

G-set of (equivalence classes of) pairs (g,s), where g € G,
s € S, with the idenﬁification (g,s) = (gh-l,hs), all
h € H. The G-action on GxHS arises from multiplication

in the first component.

The notation GxHS is not standard; this is usually
written as GxHS. However, we have already used the later
to denote to the pullback of G/H-sets. Thus, to avoid
ambiguity, we will be non-standard.

Given two H-sets S and T, and an H-map ¢:S -~ T,
the map le¢:GxHS - GxHT given by (le¢)(g,s) = (g,0(s))

is a well-defined G-map.

Lemma 5.16. The correspondences S - GxHS, and ¢ - lXHO

~ A

define a covariant, sum preserving functor from H to G.
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Proof. To say that GXH(*) is sum preserving is to say

that, given any H-sets S and T, there is a natural iso-

morphism of G-sets (GxHS) U (GxHT) oY GxH(S 3] T). This is
clear. 0
. G H H
It follows that if F € 2aM, then F o GX (*) € AM" .
For notation, let FH = F o GxH(*). Thus, for any H-set S,

FH(S) = F(GxHS), and for any H-map ¢:S - T, FH(¢)
= (le¢)o:FH(T) - FH(S). The result we are after is to show
that for any subgroup H < G, there is an isomorphism be-

tween AF(G/H) and AF (H/H). We must first introduce some
H

notation.

Let H < G, and let S be a G-set. Suppose there
is a G-map :S - G/H. Denote by Sa = {x € S:a(x) = 1H}.
glainly, Sa is an H-set. Denote by g tﬁe G-map GxHSa
- S given by ua(g,s) =g . s, all (g,s) € GxHSa. It
follows easily that My, 'is a G-isomorphism. Indeed, we are
just formalizing the well-known fact that ﬁhe categories of

H-sets and G-sets over G/H are equivalent. Define a

function . = A:AL(G/H) - Ap (H/H) by A([S,u,x])
- H
= [Sa,pg(x)]H, where we use the notation [*,*]H to denote
elements of An (H/H). Since x € F(S), pO(X) € F(GxHS,)
H & &
= FH(S%)' so our definition makes sense. We are ready to

attack the main result of this section.
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Theorem 5.17. For any functor F ¢ AMG, and subgroup

H < G, the function H AF(G/H) - AF (H/H) 1is a ring
isomorphism.
Proof. We shall show that A 1is a well defined bijection,

and leave the straightforward verification that A preserves
sums and prdducts to the reader. Let [S,a,x], I[T,R,Y]
€ AF(G/H).

i) A is well defined. If (S,a,x) % (T,8,y), then

choose a G-isomorphism ¢:8 - T with o = B¢ and ¢o(y) = X,

0 .
We must show (Sa’ u(x)) o (TB,uB(y)) in (H,FH). Note that
if s ¢ Sa, then B8¢(s) = a(s) = 1H, so o¢(s) € TB'
similarly, if t € T,, then 6l (t) € s . Thus, ¥ = olg
a
is an H-isomorphism Su - TB' We claim uB(lew) = ¢ua

Indeed, if (g,s) € GxHSa, then us(lew)(g,s) = 1 (g,0(s))

g8 (s) = d(gs) = ou,(g,s). Thus (L") %) = 126%w)

0 0 0 .
= ua(x). It follows that w:(sa,ua(x)) > (Tg,ug(y)) is an

isomorphism.
ii) A 1is injective. Suppose that A([S,c,x])
. 0
= A([T,8,y]), that is [S_,u, (x)] = [Tg,ug(y)ly. By

Corollary 3.4, there is an H-isomorphism w:sa > TB with
(lx ) u (y) = ug(x). Let ¢ = Hg © (lew) ° u;lzs -~ T.
Then ¢ 1s a G-isomorphism, with ¢O(y)

= . H % %)% = 2H %0 )% = x. To see that

¢, let s ¢ S, and choose g € G with «(s) = gH.

)

a:



Then 8 (s) = 8ug (1x™p)us™ (s) = 8uy (1x™y) (g,g7 s)

= Bu,(g,v(g SN = B(gu(gTTs)) = gB((gTTs)) = gH = a(s).
Thus ¢:(S,a,x) - (T,8,y) 1is an isomorphism.
iii) A 1is surjective. Let [T,y]H € A (H/H) .
H

Denote S = GxHT, and define a:S - G/H by al(g,t) = gH.

Then o 1is a well defined G-map with S, = {(h,t) € GxHT:

he€ H,t € T}. Since (h,t) = (1,ht), the map v, + T
given by % (h,t) = ht 1is an H-isomorphism. Moreover,
_ ., H _ H _ H .0
My, -'1x Y:Gx Sy ~ S. Thus [T,y]H = [Sa,(lx V) (y)]
0
= (8,18, (¥)] = A([S,a,v]). J

We can combine this result with Theorem 5.12 to de-
termine the structure of QAF(G/H). If K< H< G, then
there is an embedding e:AutH(H/K) > AutG(G/K) given by
8 (¢) (gK) = gp (LK), all ¢ € AutH(H/K), gk € G/K. Denote
by Wﬁ = {5(¢):0 € AutH(H/K)} = im6. Upon identifying
Aut, (H/K) with N, (K)/K and Aut,(G/K) with N,(K)/K,
it is easy to see that 5 corresponds to the inclusion of
NH(K)/K into NG(K)/K. As before, Wi will act on the
group F(G/K), and thus also act on the group algebra

QF (G/K) .

Theorem 5.18. Let F:G - AM be an additive contravariant

functor. Let H < G. Denote by P(H) a set of representa-

tives of conjugacy classes of subgroups of H. Then there
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Wi
is a Qg-algebra isomorphism: QAF(G/H) v it QOF (G/K) K
" KEP (H)

Proof. For K &€ P(H), set WK = {le¢:¢ € AutH(H/K)}

< AutG(GxHH/K). By £.12 and 5.17, @A (G/H) » QA (H/H)
W W H

i1 QFH(H/K) K= I QF(GXHH/K) K, However, for any

KeP (H) KeP (H)

e

K¢ P(H), Gx'H/K v G/K (via (g,hK) ~ ghK). Furthermore,
this isomorphism carries the automorphism le¢ of GxHH/K

to the automorphism 6 (¢) of G/K; hence, it carries WK

onto Wi. It follows that QF(GXHH/K) K o oF (G/R) ,
for each K. O

Corollary 5.19. If ¥ is any additive contravariant

N

functor from G to AB, and S € G, then J(QAF(S)) = 0.
Proof. Expressing S as a disjoint union of transitive
G-sets, the result follows directly from 3.6, 5.14, and

5.17. 4



CHAPTER 6
PRIME IDEALS IN THE F-BURNSIDE RING

Throughout this chapter we fix a finite groupv G,
and a functor F € AMG such that every transitive G-set is
normal over F. 1In this setting, most of the structural
results for A(G) can be extended in some fashion to AF(G).

The object of this chapter is to illustrate this principle.

An Embedding Theorem for AF(G)

For a € P, we let Xa:QF(Sa) - QAF(G)ea be the
. . o1
isomorphism of Chapter 5. Thus, Xa(x) = Va [Sa,x]ea, all
X € F(S;). By Theorem 5.12, the product map x = (x,):

I QF(S_) - QAL (G) 1is an isomorphism. We let T:02_(G)
acp a P F

+ 1 QF(Sa) be the inverse of x. For b€ P, we have the
aep

projection homomorphism ry: I QF(Sa) - QF(Sb). We denote by
acp
Ty the composition rb=rrb1:QAF(G) > QF(Sb). Evidently,

each Ty is a surjective Q-algebra homorphism.

Lemma 6.1. For any a € P we have

(a) F([Sa,x}ea) = V_X, all x € F(Sa),
(b) ?axa is the identity on QF(Sa),
() Ty x) = xe , all x ¢ oA (G) .

56
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Proof. (a)y If =x € F(Sa), then x = Ty (x)
_ -1
= F(Va [Sa,x]ea).

(b) Since XIQF(S y = Xgyr it follows that for any
a

X € QF(Sa), Faxa(x) = ran(x) = ra(x) = X.

X’l=zxer
pep P

€ QAF(G)eb. By Lemma 5.7, there are elements

(c) Let x ¢ QAF(G). Then X

where xe
b

Yp € QF(Sb) such th;t xb(yb) = xe,, all b € P. Then

X T (x) = x T_| I xe | =x_T_| } x (v, )| = x_,r.Ix Zy}
a a aa[ b} aa[bepb b) a a [bePb

= x_r Zy =X(y)=xe_ |
a a[beP b] a“a a
Lemma 6.2. Let g = IG[, and suppose 0 # n € Z satis-

fies gz|n. Then for any a € P and x € F(S,),
nx € T (A (G)).
Proof. Write n = gzm, some m € Z. By 6.1(c), xa(nx)

_ -1 _ -1 2 _ -1
= nVa [Sa,x]ea = nVa [Sa,x]ea = xaTa(nVa [S ,x]ea). By the

a
injectivity of Xgr DX = Fa(nv;l[sa,x]ea). By 2.2(a), (b),
;t follows that gv;l € Z, and ge, € A(G) E.AF(G)7 hence,
-1 _ -1
nv_ [Sa,x]ea = m(gV, )[Sa,x](gea) € AF(G)‘ Thus,
r
nx € -a(AF(G)). a

Lemma 6.3. T(A,(G)) € T ZF(S,).
acp

Proof. Let b€ P and x € F(Sb). By 3.11(c) it suffices

to show that ?a((sb,x]) € %F(Sa), all a € P. By 6.1(c)
-1
~ T fend - = S
-1 0 . .
=V, [SbXSa,ﬁb(X)]ea. By 2.2(c), S, * S, 1is a union of
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Vb a copies of Sa' together with various other Sc, where
14
c < a. Thus, using the additivity of F together with 5.2,

it follows that

1 0
Xal g (IS, x1) =V (5, * STy (X)le,
Vb,a -1
= igl v T[S .x;le,, some x; € F(S,),
1 <_ 1 _<_ Vb,a
V?,a Vg,a
= ) X_(x.) =X X.|.
j2p Tai al;o, i
Vb,a
Since X, is injective, T_([S_,x]) = izl X, € ZF(S,). a

Combining these lemmas, we obtain the following'

theorem.

2
Theorem 6.4. I (|G|“Z)F(S_.) € T(A_(G)) & T ZF(S_).
Q-GP a - AF — acp a

Corollary 6.5. The group il ZF(Sa)/F(AF(G)) is
aep

|Gl2—torsion.

Prime Ideals

We wish to compute almost all of the prime ideals of
AF(G). Note that when F = I, the proof of Lemma 6.3 shows

that Ta([sb,l]) = Vb,a’ all a, be¢ P. Especially, the
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set of maps {Fa:é € P} 1is the same set used by Dress (1969)
to describe the prime ideals of A(G) Y AI(G). Following
his notation, for any a € P, and prime 0 < p € Z, we let
gla,p) = {x € A(G):Ta(x) = 0(mod p)}, and for p = 0,
g(a,0) = kerra. The following description of the prime ideals

of A(G) 1is sufficient for our purposes.

Proposition 6.6. Let ¢ be a prime ideal of A(G). Then

there is a unique minimal element a € P (w.r.t. < ) such
that if p = char(a(G)/q),

(a) ¢q = al(a,p),

(b) for any b < a € P, [8,,1] € gla,p),

(c) [s,,1]1 & ala,p).

Proof. Dress (1969, p. 215). ) O

When the prime ideal ¢ of A(G) is written in the
form g(a,p), where a € P 1is the element given in the

Proposition, we will say that ¢ 1is in standard form.

Note that this form is unique: if g(a,p) = gq(b,p') are both
in standard form, then a = b and p = p'. We now extend

this result to AF(G).

Proposition 6.7. Let Q be a prime ideal of AF(G)'

such that QN Z = @&, where p f |G| (possibly p = 0).
Then there is a unique minimal element a € P (w.r.t. <)

such that
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(a) for any b < a € P, and any x € F(Sb), [Sb,x] € Q,
(b) for any x € F(Sa), if also x_l € F(Sa), then
[s_,x] & Q.

Proof. Since Q1 A(G) is a prime ideal of A(G) 1lying
over pZ, we may apply 6.6, and write QN A(G) = g(a,p),
in standard form.

(a) Induce on b < a¢ P. If a =1, the result
is clear, so we may assume a > l. By 6.6(b), [Sb,l] € Q,
all b< a. If b =1, then by 5.6, [Sl’X][Sl’l]
= Vl[sl'X]' since [S;,1] € 0 and o/ Vi, it follows that
[Sl,x] € Q. For the induction step, assume 1 < b < a, and

that for all c¢c < b, Yy € F(Sc), we have [Sc,y] € Q. Then,

n
by 5.6, [S,,x1(S,,1] =V _[S,,x] + ) (S, +v41, where

=1 3
bj < b, yj € F(Sbj) all j. But [Sb,l] € Q, and all
[Sb ,yj] € Q by the induction hypothesis. Therefore

J

Vb[sb,x] € Q, and since p [/ Vi [Sb,x] € Q.

(b) If in fact [Sa,x] € Q, then by Lemma 5.6,

-1, _ n
[Sa,X][Sa,X I = Va[sa’l] + ‘E [Sa_,xj], where aj < a,
=1 73
xj € F(Sa ). By part (a), all [Sa ,xj] € Q. But this
3 j
implies that Va[Sa,l] € QN A(G) = g(a,p), which contradicts

[}
o] ,{, Va and [Sall] é Q-
If be€ P also satisfies (a) and (b), then

[S Il] [S rl] = Z v
a b c<a,b

c < a, b such that [Sc,l] g 9. By (a), a =Db = c. 4d

a,b,c[sc'l] Z Q. Thus, there is some
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For a prime ideal Q of. AF(G) such that Q@ N 2
= p%, where p f |G|, let a € P be the element given in
the Proposition. Define V(a,Q) = {x ¢ ZF(Sa):]G[nx

€ Ta(Q), some n > 0}.

Lemma 6.8. In the setting above, V(a,Q) is a prime ideal
of ZF(Sa) lying over ©pZ.
Proof. Set g = |G|]. To see that V(a,Q) is an ideal,

let x € V(a,Q), y € ZF(Sa). Say gnx = Fa(z), some

Z € Q, n>0. By Lemma 6.2, gzy = Fa(w), some W € AF(G).

Then gn+2(xy) = angZY = Fa(z) . Fa(w) = Ta(zw), SO

Xy € V(a,Q). Since V(a,Q) is additively closed, it is an
ideal of %F(Sa). To see that V(a,Q) is prime, let x,

y € ZF(Sa) with gn(xy) = Fa(z), some 2z € Q, n > 0.

) n+4 4 n 4
Since ge € AL(G), X, (9" "xy) =g X (g xy) = g, T, (2)
= g3z(gea) € Q. As in 6.2, it follows that xa(gzx),

n+2 n+2

2
xa(g y) € AF(G), thus, one of xa(g X), xa(g y) € Q.

Applying Fa’ and 6.1(b), either gzx € Fa(Q) or
gn+2y € I (Q), that is, x ¢ V(a,Q) or ye€ V(a,Q). Thus

V(a,Q) 1is a prime ideal.

1l

To see that V(a,Q) N Z pZ, first let x =t

€ V(a,0) N Z, with t e Z. Say g'x = r (z),

+1 n+l n+l
¥ ix) = g txa(lF(S y = 9 te,
a

1
F(Sa)
>0, z¢€ Q. Then yx (g

o’

gn+ltvgl[sa,l] + gt § g\

b<a

b,a[sb’l]' On the other hand,
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n+1l
X

x_ (g ) = Xara(gz) = (gea)z € Q, so it follows from the

a
choice of a € P and Proposition 6.6, that

gnt(gv;l)[sa,l] € Q. Again by 6.6, [Sa,l] g Q, so
gnt(gvgl) € QN Z = pZ. Since p [ |G|, we must have plt,
establishing the inclusion V(a,Q) N Z‘E:pZ. Conversely,
since QN Z = pZ, p[S;,l] € Q. Then, using Fa([sa,l])

- . - -1
= ValF(Sa)' we have gl(p lF(Sa) (gVa )pvalF(Sa)

-1
Fa((gVa )p[sa,l]) € Fa(Q), so p ° lF(Sa) € V(a,Q) N Z.

The result follows.

For an a € P and prime ideal L of ZF(Sa), de-
. _ . _ -1
fine R(a,L) = {x € AL(G):T_(x) € L} = I,7(L) 0 AL (G).

Plainly, R(a,L) 1is a prime ideal of AF(G)'

Lemma 6.9. Let Q be a prime ideal of AF(G) such that
QN 2z =pZ, where p [ |G|]. Let a ¢ P be the element
given in Proposition 6.7. Then Q = R(a,V(a,Q)).

Proof. We must show that Q = {x € A (G):T_ (x) € V(a,Q)}.
S) Let x€ Q. Then T_(x) € I (Q), so r_ (x) € V(a,0Q).
2) Let X € AF(G) be such that Ta(x) € V(a,Q). If

g = |G|, then gnfa(x) = Fa(y), some y € Q, n > 0.
n+lX

It follows that (gea)gnx = xaT (g

a ) = x T4 (9y)

= (gea)y € Q. However, g € Q (since p f g), and
therefore by 6.5 and the choice of a ¢ P, ge, € Q.

Thus x € Q.
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Lemma 6.10. Let a € P, and let L be a prime ideal of

ZF(Sa) with L N Z = pZ. Then R(a,L) N A(G) = g(a,p).
Proof. <€) If x € R(a,L) N A(G), then T_(x) € LN Z
= pZ, so x € g(a,p).
2) If x € gfa,p), then Fa(x) € PZ € L, so

X € R(a,L) N A(G). . a

Lemma 6.l1l1l. Let a € P. Suppose Ll’ L2 are prime

ideals of ZF(S_;), where L, N Z = p.Z, p, £ 1G],

i=1, 2. If R(a,L;) =R(a,L,), then L, = L,.

Proof. Set g = |G|, and let x ¢ L. Then g2x = Fa(y),
some Yy € AF(G), by Lemma 6.2. Since vy € R(a,Ll) = R(a,Lz),

we have g2x =T_(y) € L,. Since P, f g, we conclude that

X €L establishing Ll c L2. By a symmetrical argument,

2’

L, S L. | O

Theorem 6.12. Let F:G - AM be a contravariant additive

functor such that every transitive G-set is normal over F.

Let g(a,p) Dbe a prime ideal of A(G) in standard form,

with p f |G|. Then there is a bijective correspondence be-
tween the set of prime ideals of AF(G) lying over g(a,p)
and the set of prime ideals of ZF(Sa) lying over p2.
Proof. If L is a prime ideal of xF(Sa) lying over ©pZ,
then by 6.10, R(a,L) 1is a prime ideal of AF(G) lying over

g(a,p). The correspondence L -+ R{(a,L) 1is injective by

6.11, and surjective by 6.8 and 6.9. ]
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The Extension AF(G)/A(G)

We shall finish this chapter by describing those
normal functors F for which the ring extension AF(G)/A(G)
is integral. Indeed, this will occur precisely when each of
the groups F(S), 8 € G, is torsion.

For any integer n > 0, we let Sn denote the
product of n copies of S, and T i:Sn + S will denote

[4

projection onto the ith component.

Lemma 6.13. Let F be a normal functor, S € G and

0 n
n,l(x )], for all 0 < n € Z.

Proof. Induction on n. The formula being clear for

X € F(S). Then [S,x]n = [Sn,w

n=1, assume n > 1, and that the result holds for lesser

n

n. Let t:ST + S be the G-automorphism which interchanges

the first two components, and is the identity on every other

component. Clearly, "n,2 = “n,lt’ sO by normality of F,
wglz(yx = tong’l(y) = "g,l(y)’ all y € S. Thus,
(5,51 = [5,x1 08" 00 ) L T
= [sn,wg,l(X) . Trf,i,z(xn'l)]
= (8%l L)« w) L ETH = st L.
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Theorem 6.14. Let F € AMG be a normal functor. Then

the extension AF(G)/A(G) is integral if and only if for
every G-set S, F(S) is a torsion group.

Proof =). Assume AF(G)/A(G) is integral. Since
A(G)/Z 1is already integral, so‘is AF(G)/Z. By way of
contradiction suppose that for some G-set S, F(S) 1is not
torsion. By additivity of F, +this implies that for some
a€ep, F(s,) is not torsion. Pick x € F(S,) of infinite
order. Since xj # xk if 3 # k, normality of F implies

that xjﬂaxk. By integrality, choose ¢ (X) = x"

n-1
+ [ e X" e zx] with e([s_,x]) = 0, that is [S_,x
k=0 a a

n-1

K _ . .
+ kglck[sa’X] + cq = 0. Multiplying both sides by V_ e,

]n

and applying 5.5 and 2.5(a), this yields

n n n7l k k
vyls ,xTle, + kElckva[sa,x le, + cyls,,/1le, = 0,

which is a contradiction to 5.10. a
<=) By 3.1ll(c), it suffices to show that if a € P
and x € F(Sa), then [Sa,x] is integral over A(G). If
n _ n _ n 0O n
(say) x =1, then by 6.13, [Sa,x] = [Sa,wn’l(x )]

= [Sg,l] € A(G). Thus [Sa,x] satisfies the monic

(]

polynomial X" - [Sg,l] ¢ A(G)[X].
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Finally, we wish to make a statement about the

Boolean algebra of idempotents of AF(G).

Theorem 6.15. Let F:G - AB be a normal, additive, con-

travariant functor. Then A(G) and AF(G) contain exactly
the same idempotents.

Proof. By a theorem of Kaplansky (see Passman 1971),
given any group H, - the only idempotents in the group
algebra ZH are 0, 1. Thus if e € AF(G) is idempotent,
then for any b€ P, T (e) € {0,1}. Therefore

FT'(e) ¢ N1 2
acp

lF(S ) It follows from the definition of X
a

that, e = x7(e) € QA(G). Since also e € AF(G), we must

have e € A(G). The other inclusion is trivial. O



CHAPTER 7
THE BRAUER RING OF A FIELD

In this chapter we begin the study of the tensof
product of separable algebras over a field. Our guiding
question is this: is there a natural ring into which we
may embed the Brauer group as a subgroup of its unit.group?
Of course, one should expect this ring to yield information
about separable algebras which the Brauer group does not,
and one should hope to be able to recover the Brauer group
from purely ring theoretic properties. Although the material
presented here may seem unrelated to what has come before,
the necessary tie up will come next chapter. We begin our
discussion with a generalization of a well known result on
the tensor product of two subfields of a finite Galois

extension.

Tensor Products of Separable Algebras

Let R be a commutative ring, with 0, 1 its only
idempotents (R 1is connected). Let S be a Galois exten-
sion of R, and let sl' 82 be separable, G-strong sub-
algebras of S, where G is the Galois group of S/R (see
Chase, Harrison and Rosenberg (1965) for definitions).  Let

Hi < G be the Galois grcup of S/Si’ i =1, 2. Choose

67
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cees O € G to obtain a double coset decomposition

ll
m o
G = U H,o.H,. Define a map ¢:S (g) S. - 8.8 1 +
i=1 17172 TTIN/ RT2 172 T
. m oy
+ 8,8, vby ¢(u<>\ﬂ = (ucl(v), e, uom(v)), where §,S,

denotes the compositum of s, and ci(sz) in Ss. Plainly,

¢ 1is a well defined R-algebra homomorphism.

Proposition 7.1. ¢ 1is an injective R-algebra homorphism.

Proof. Suppose ZiuiC:)vi € ker¢, so that Ziuioj(vi) = 0

for all 1 < j<m. Let tv€ G; find o € H

B € H SO

1’ 2
that 1 = ao,8 for some j. Then PiugTivy) = u(ziuioj(vi))

= 0, showing
(1) Ziuir(vi) = 0 for all =t € G.

If E denotes the S-algebra of all functions from G to S
under pointwise operations, then the map h:SC:)RS +~ E given
by h(u(:)v)(o) = « g(v) is an S-algebra isomorphism, by

Chase et al. (1965, p. 4). By (1), iui®vi € kerh = 0. O

Under rather non-restrictive conditions, ¢ will also

be surjective.

Proposition 7.2. Let g = |G|. Suppose that g =g - 1

R

is a unit in R. Then ¢ 1s an isomorphism.



Proof. Since §S/R is Galois, there are elements

Xye eer X 3 ¥y, -..s ¥, of S such that z X, o(y )

l_
= 61,0, all ¢ € G. Set x; = peHlp(xi) and Y34
- v . . ' ' :
= Z/oj (y;). By Galois theory, x! € S, Y4 € S,y lc<i
YEHZ
<n 1<3j<m. set 9 = |H n Gkﬂzckll, l<k<m We
claim that
(2) Z x Ty (y ) =98 123, kgm
i=1 3
Indeed,
o, (¥]s) = ] (%, )0y 07 (¥;)
Li¥iox (¥ig i g o(x5dopyoy vy
pE€H; ocH,
= ) v p(;lxip ckvo (y ))
p€H, p€H, :
= Z 5 _ —l
pEHl DEHZ llr./ O'k"{O'j

by the condition on the X and Y- If j # k, then a4

and o are distinct double coset representatives, so that

p—lgkyg # 1, all p and vy, and (2) holds in this case.

. -1 -1 . -1
If j =k, then o o'kyoj =1 1iff p = Iy Oy € Hl
n ckHzo;l- Since [ wuniquely determines +, (2) holds in

all cases.

Since divides g, our hypothesis implies that

9k
. o .  ale o~
g, 1is a unit in R, all k. Define e = g, ZiXiCE)yik
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¢ 5;(® S,. From (2) it follows that ¢(e)= (0, ..., 0, 1,
0, ..., 0), with 1 in the kth place. The surjectivity
of ¢ follows easily. a

We remark that implicit in the proof of 7.2 is the
construction of the indecomposable idempotents of Sl<:>RSZ’
namely, the e- When R and S are both fields, there is

an easier proof.

Proposition 7.3. If R and S are fields, then ¢ is an
isomorphism.
Gl . . Om
Proof. Since im¢ S_Sls2 + ...+ SlS2 , WwWe may prove

equality by counting dimensions. Since ¢ is injective,

dim(im¢) = (dim Sl) + (dim 52)' Moreover, by Rotman (1978,
gy . o m g
p. 17), dim(S;8,” + ... + 5;5,7) = i£1[8182 :R]
m o, '
= izl[G:Hl N “Hy] = [G:H][G:H,] = (dim S;) * (dim S,). a

The Brauer Ring

Let E/F be a (not necessarily finite) Galois exten-
sion of fields. Let SEP(E,F) be the category of separable
F-algebras A, with the center of A (denoted 2(a)) iso-
morphic with a finite product of finite dimensional subfields
of E. If the extension E/F 1is understood, we abbreviate
SEP(E,F) as SEP. Plainly, SEP 1is closed under the forma-

tion of algebra products. It is also closed under tensor
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products. Indeed, let A, B¢ SEP with 2(A) ¥ K; +
+ K and Z(B) =L + ... + L with each K,, L. a
m 1 n 1 J
finite separable extension of F. Since any pair Ki’ Lj
can be embedded in a finite Galois extension of F contained
in E, it follows that Z(A® B) ¥ 2(a) & Z(B)

voT KiCDElﬁ’ which in turn is isomorphic with a finite
i,J

product of finite dimensional subfields of E by Proposition
7.3. It follows that we may form the associated Grothendieck-
ring of this category, as in Bass (1968, pp. 344-47). Thus,
denote S(E,F) = KOSEP(E,F). We denote the image of an
object A € SEP(E,F) in S(E,F) by [A]. The following

proposition collects some basic facts.

Proposition 7.4. (a) For elements [A], [B] in S(E,F),
(Al + [B] = [A + B] and [A][B] = [A(®)B]l. Also, 1lg g o
= [F].

(b) Every element of S(E,F) can be written in the
form [A] - [B] for some A, B € SEP.

(c) If A, B € SEP, then [A] = [B] if and only
if A v B as F—algebraé.

Proof. (a), (b) and the if part of (c¢) are direct conse-
quences of the definitions. For the only if part of (c),
suppose [A] = [B]. Then there is an algebra C € SEP
with A+ C 1 B+ C as F-algebras. Since separable F-

algebras are finite dimensional and semisimple, the unigueness
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statement of Wedderburn's theorem implies that A ~ B as

F-algebras. a

Note that if A is a finite dimensional, simple F-
algebra, with 2Z(A) isomorphic to a (finite separable) sub-
field of E, then in particular, A 1is a central simple
Z (A)-algebra, and 2(A) 1is a separable F-algebra. Since
central simple algebras are separable, transitivity of
separability implies that A 1is a separable F-algebra. It
follows that A € SEP. Thus any product of matrix algebras,
Mnl(Dl) ¥ ... ; Mnr(Dr), with each Di a division algebra,
and Z(Di) isomorphic to a finite dimensional subfield of
E, i1s in SEP. Conversely, by Wedderburn's theorem, any
algebra B € SEP has this form uniquely up to F-isomorphism.

This discussion, together with 7.4, establishes the following

proposition.

Proposition 7.5. As an abelian group, S(E,F) is free on

the set {[A]:A € SEP, A 1is simple}.

Proposition 7.6. There is a group endomorphism 3 of

S(E,F) such that if A Y Mn(D) as F-algebras, where D € SEP
is a division algebra, then g ([A]) = [D]. The image of 3

is the subgroup of S(E,F) that is freely generated by

{[D]:D € SEP is a division algebra}. Moreover, for all u,

v € S(E,F), we have 23(3(u)) = s(u) and 3(uv)

= 2{2(u) - 3(V)).
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Proof. -If A€ SEP' is simple, then A n Mn(D), where D
is a division algebra with 2Z(a) o Z2(D). Thus, D € SEP.
Moreover, if B Mm(D') € SEP with A »~ B, then by
Wedderburns theocerm, D;gD'. It follows from 7.5 that the
correspondence [A] -+ [D] gives a well defined group endo-
morphism B of S(E,F) such that B([Mn(D)]) = [D]. The
statement regarding the image of_ B is clear. Since
B(B(M (D)1)) = B([D]) = [D] = B(IM_(D)]), it follows from
7.5 that Bz(u) = f(u), all u € S(E,F). Finally, let
A Mn(D), B Mm(D') be in SEP, where D, D' ‘are

division algebras. Since D(:)FD' is semisimple, we can

write D(®) D' Mnl(Dl) oo+ M, (D). Then A (%) B

v M (F) X)) D) (O p M (F) (&) D) gMnm(F@F(Mnlml)
ook Mnr(Dr)) L — (D)) + ... + Mnmnr(Dr). Therefore,
B(1a1(B]) = B(IA(®EB]) = (D] + ... + [D] = 8([D] + [D'])

= B(3([A]) + B([B])). Again by 7.5, it follows that

B{uv) = B8(B(u) - B(v)), for all u, v € S(E,F). : 3

Corollary 7.7. ker8 is an ideal of S(E,F). As an ideal

it is generated by {[M_(F)] - [Fl:n € AR

Proof. ©Suppose u € kerg and v € S(E,F). Then 3(uv)
= 3(g(u) - 2(v)) = B(0 « 38(v)) = 0, so uv € ker3, and ker?3
is an ideal. Let I be the ideal of S(E,F) generated by

{[Mn(F)] - [F]l:n € Z+}. Plainly, I € ker3. On the other
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hand, if A % Mn(D) € SEP, then [A] - B([A])

= [D]([Mn(F)] - [F1) € I. Extending linearly, it follows

that [A] - B([A]) € I for all A € SEP. Thus, if’
(A] - [B] € ker8, then B8([A]) = B([Bl), so that [A] - [B]
= ([A]l - B([A])) - ([B] - B([B])) € I. Thus kerB8 < I. =

The factor ring S(E,F)/kerf 1is called the Brauer
ring of E/F. We denote this ring by BS(E,F). For

A € SEP, we denote (A) = [A] + kerB € BS(E,F).

Proposition 7.8. As an abelian group, BS(E,F) is free on

the generating set {(D):D € SEP is a division algebra}.
Moreover, if D, D' € SEP are division algébras, then
(D) =(D') 4if and only if DqD' as F-algebras.

Proof. Since 32 = g, it follows that S(E,F) =kers &5 im§s.
Therefore, the canonical isomorphism BS(E,F) Y img of
abelian groups, together with 7.6, imply the first statement.
If (D) =¢(D'), then [D] -~ [D'] € kerg = 0 = 3([D] - [D'])

= [D] - [D'}j. Thus, D o D' as F-algebras by 7.4(c). J

For the field F, let FS denote its separable
algebraic closure. In this case we denote S(FS,F) = S(F),
and BS(F) = BS(Fg,F). Whenever EC E' 1is an inclusion of
Galois extensions of F, there is a natural inclusion of

categories SEP(E,F) € SEP(E',F), hence also of rings,

s(e,F) € S(E',F), BS(E,F) € BS(E',F). Since every finite
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Galois extension of F 1is contained in FS’ and FS is
the union (direct limit) of such extensions, we obtain the

following.

Proposition 7.9. Let F be any field. Then as rings,

S(F) = US(E,F) = lim S(E,F),
E >
E
and
BS(F) = UBS(E,F) = lim BS(E,F),
E -
E

where the union and the limit are over the directed set of

all finite Galols extensions of F.

Finally, note that the mapping from Br(F) - BS(E,F),
given by {A}~=+(Aa), is a well defined injection into the
group of units of BS(E,F). Indeed, if A and B are
central simple F-algebras, with A Mn(D) and B Y Mm(D')
‘then the equality (A) = (B) yields D A D' as F-algebras,

by 7.8. Therefore, {Al = {B} in Br(F).

Induction and Restriction

We claim that BS(E,F) 1is the correct ring into
which one should embed Br(F). The justification of this
assertion is the subject matter of the next chapter. Es-

pecially, we shall examine the consequences of the general
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induction lemma for Mackey—functofs. For this, we need a
corresponding induction and restriction for the rings
S(E,F) and BS(E,F). For any intermediate subfield

F<S KC E, we shall let [A] denote the image of

K
A ¢ SEP(E,K) in S(E,K).

Proposition 7.10. Let F C KCS LS E be a tower of fields.

(a) There is a group homomorphism ind = indL+K:
S(E,L) » S(E,K) such that ind([A]L) = [A]K for all
A € SEP(E,L).

(b) 1nth = lndK-»F ° lndL—»K'

(¢) ind; . factors through the projection of S

to BS, that is, there is a group homomorphism ind = indL+K:

BS(E,L) - BS(E,K) such that the following diagram commutes.

s(e,1) 9 s(g,x)

I

BS{(E,L) ———+ BS(E,K)
ind
Proof. (a) This follows from Proposition 7.5, together

with the existence of the natural forgetful functor SEP(E,L)
+~ SEP(E,K).
(b) Clear.

(c) Let denote the endomorphism of S(L,K)

Q
“L/X

. : - ; 3 < 3 .
given in 7.6. We must show that 1ndL*K(keraE/L) < ker”E/K
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Suppose [A]. - [B]} € kerB, Write A ¥ M_ (D)) + ...

/L 1
+M_ (D) and B M_ (D!') + ... +M
n. r = my 1 mg

morphisms are as L-algebras. Since [A]

L

(Dé), where the iso-

L L’
Proposition 7.4 (c), together with the unigqueness statement

- [B]L € kerBE/

of Wedderburn's theorem, insures r = s, and (without loss

of generality) Di " Di as L-algebras, all 1. Then

D. » D

;X i as K-algebras, all i, so that [A]

g = [Blg

€ kerBE/k. a
Restriction will correspond to scalar extension.

Proposition 7.11. Let FES KCES LS E be a tower of fields.

(2a) There is a ring homomorphism res = resy,r*

S(E,K) > S(E,L) such that res([Al,) = [L(EX)Al,, all
A € SEP(E,K).
= res

(b} res o res

F~rL KL F-K’
(v) resp,r factors through the projection of S
onto BS.
Proof. (a) "The existence of res follows the ohservation

that if A n» B as K-algebras, then L@KA Y L@KA as
L-algebras, and 7.5. res 1is a ring homomorphism because of
the distributive property of tensor products over algebra
products, and the fact that L@K(A@ xB)

Y (L@KA)®L(L®Kb) as L-algebras.

(b) Clear.
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W c

, +
Note that if n € Z , then resK+L([Mn(K)]K - [K].)

X
= [Mn(L)]L - [L]L. Therefore, by Corollary 7.7, and the
fact that res 1is a ring homomorphism, the inclusion

holds. |



CHAPTER 8

APPLICATIONS OF INDUCTION THEORY

TO ASSOCIATIVE ALGEBRAS

In this chapter we give a construction which allows
us to connect the Brauer ring of the previous chapter with
the F-Burnside rings we studied earlier. The generality with
which this construction goes through gives hope for many

more applications than those we include here.

A Category Anti-Equivalence

Fixed throughout this chapter is a finite Galois ex-

tension E/F with Galois group G = Gal(E/F). The category

A

G of finite G-sets is then anti-equivalent with the category
CSEP(E,F), whose objects are those F-algebras R such that
R 1is F-isomorphic with a finite product of (separable) sub-
fields of E containing F. In other words, CSEP is the
full subcategory of SEP consisting of the commutative
algebras in SEP. 'This anti-equivalence is given as follows.

A~

For S € G, define RS = HomG(S,E), under pointwise opera-

tions. Then RS € CSEP. Moreover, if S & G/H for some sub-
group H of G, then RS Y EH (fixed field of H) under
the correspondence v - Y (lH), where 1H 1is the coset

containing the identity. For a G-map ¢:S - T, there is an

79
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induced F-algebra homomorphism ¢,.:R, - R,, given by

T S

d,{(y) =Yy o ¢, all v € R Conversely, if R € CSEP,

o
define SR = HomF(R,E), a finite set, which becomes a G-set

using the G-acticn on E. Again we observe that if L is a
subfield of E/F, then SL is isomorphic with the transiive
G-set of cosets modulo Gal(E/L). The isomorphism

G/Gal(E/L) > s, is givén by 0Gal(E/L) - OIL, any o € G.
If o:R > R' 1is an F-algebra homomorphism, then the map
a*:SR, -+ SR’ given by oa*(f) = £ o a (f € SR,), is a G-

map. Note that for any two G-sets Sy, S, we have

Rsldsz = Hom; (S, U S,,E) L Hom,(S,,E) + Hom,(S,,E) = RSl + Rg
This isomorphism takes an element o € RS Js to the pair
1772
(@]a sala )
S 52

We now show how from an arbitrary covariant, product
preserving functor :CSEP - AM, we may construct an ad-

ditive contravariant functor FD:G -~ AM, and thus obtain the

Green-functor A = AF . Namely, define F_:G - AM by
P o p
FO(S) = p(RS), and for a G-map ¢:S +» T, denote (as usual)
0 _ s . . .
b = Fp(¢) —p\¢*).FQ(T) - FQ(S). Plainly, Fp is a

~

contravariant functor from G to AM.

Proposition 8.l. Given any covariant, product preserving

functor p:CSEP(E,F) -~ AM, the functor FO:G - AM 1is

additive.
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Proof. Let S S, € G, and let K :S, > S U s, be

1’ i 1
. . 0 0 .
the inclusions. We must show Kl X KZ'FQ(Sl U 82) - Fp(sl)
X Fp (82) is an isomorphism. Let 6:RS Os. ~ RS + RS be
1772 1 2
the canonical isomorphism, and let w,:R + R. > R be
i Sl 52 Si

projection. Since p preserves products, the composition

(p(my) % p(T,)) o p(8):p (R ) > p(Rg ) X p(Rg ) is an

1 2
isomorphism. However, an easy check shows that Ki*= nie,

SlUS2

i=1, 2, so that (o(wl) X o(vz)) o p(6) = o(wle) X p(w26)
. 0 0
= p (Kl*) x p (Kz*) = Kl X K2' D

Our applications arise as follows. For any com-
mutative ring R, let AZ (R) denote the category of
Azumaya (central separable) R-algebras. When R is a field,
AZ (R) coincides with the category of finite dimensional,
central simple R-algebras. For an algebra A in AZ(R),
let (A) denote its R-algebra isomorphism class, and {A}
its image in the Brauer group, Br(R). Denote the set of all

isomorphim classes in AZ(R) by AZ_.(R). Then AZO(R) be-

0
comes a commutative monoid under tensor products over R,
with identity element (R). If ¢:R - S 1is a homomorphism
of commutative rings, then the correspondence (&) - (S(:>RA)
(where S is considered an R-algebra via ¢) defines a

monoid homomorphism, AZO(R) +~ AZ . (S). Thus the correspon-

0

dence R - AZO(R) defines a covariant functor, which is

easily checked to be product preserving (that is,
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AZO(R + s) o AZO(R) X AZO(S), for any commutative rings R
and S). Similarly, the correspondence R -~ Br(R) is
covariant and product preserving.
By applying Proposition 8.1 to the restrictions of
AZ and Br to CSEP(E,F), we may obtain the Green-

0

functors AAZ and ABr'

a typical element of A

More explicitly, for any G-set S,
AZ(S) will be a formal difference
[Tlr¢l,(Al)] - [T2,¢2(A2)], where Ti is a G-set, q:i:Ti -~ S

is a G-map, and (Ai) € AZO(R ), 1 =1, 2. A similar de-

T.
1

scription holds for ABr(S). One of the major results of
this chapter establishes that for any subgroup H < G, there

are isomorphisms AAZ(H) " S(E,EH) and ABr(H) D BS(E,EH).

We first need a few preliminaries on the structure of anti-

equivalence of G and CSEP.

Proposition 8.2. Let S and T be transitive G-sets, and

oc:RS - RT an F-algebra isomorphism. Then there is a G-
isomorphism ¢:T > S such that ¢, = a.
Proof. Without loss of generality, we may assume S = G/H,

and T = G/J for some subgroups H, J < G. Define

3 H [— N - . J
AS'RS -~ E by As(y) = v (1H) (y € RS), and AT.RT +~ E
by XT(Y) = v (1J) (v € RT). Then XS and AT are F-l

. H J . -
algebra isomorphisms. Define g2:E - E by 23 = ATakS .
Thus, if v € Rgs then Sks(y) = kTa(y), that is,
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8v(1H) = a(Y)(1J). Since E/F 1is Galois, there exists
Be G = Gal(E/F) such that the restriction of 8 to EH
is 8. Define ¢:G/J ~ G/H by ¢(oJ) = oBH. Check that
this is a well defined G-isomorphism. To see that ¢, = o,
let vy € RS = HomG(S,E) and t =0J € T = G/J. Then
¢« (¥Y) (£) = v¢(0J) = yoBH = 0By (1H) = o8y (1H) = ca(y) (1J)

= a(y) (cJ) = al(y) (). a

Proposition 8.3. Let S and T be any G-sets, and sup-

pose (x:RS~+ RT is an F-algebra isomorphism. Then there is

a G-isomorphism ¢:T - S such that ¢, = a.

Proof. Write S = Sl u ... U Sm and T = Tl Uu ... U Tn
as disjoint unions of transitive G-sets. Since Rg + ...
1
+ RS Q RS & RT & RT + ... F RT  and each RS.’ RT. is
m 1 n . i j

a field, we must have m = n. For 1 <i <n, let e, € RS

and fi € R be the primitive idempotents corresponding to

T
S; and T;, respectively. That is, ei(s)= 1 if s € S:
and ei(s) =0 if s ¢ Sis and similarly for fi' Since

is a ring isomorphism, there is a permutation 7 of

{1, ..., nl such that oa(e) = £q(1) UNow, for each i,
f(s) s € Si
define A :R, > R by Ki(f)(s) = . Then Ai
i 0 s € S,
i
is a monomorphism with X, (1 ) = e.. Moreover, if
1 RS 1
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f € R,, then Ai(f!s.) = f + e,. Next define a,:R

S S.

1 1

+ R by ai(f)(t) = a(ki(f))(t), all te T It

Tr i) T (i) "

is straightforward to check that each oy is an F-algebra

isomorphism. Thus, by 8.2, there exists ¢i:Tﬁ(i) -+ Si’ G-
isomorphisms, with ¢i* =0y Define ¢ = ¢l u ... U ¢n:T

- S. Then ¢ 1is a G-isomorphism. Moreover, if £ ¢ RS and

t € T with (say) t € T then ¢, (£)(t) = £¢(t)

T(i)’
Elg (9, (€)) = 0,4 (£]g ) (£) = a  (E[g ) (£) = a(d (£l )) (¢)
i 1 i 1
alfe;) (k) = a(f) (£) -+ ale;) (t) = a(f) ()£

TT(l) (t) = Q(f) (t)-

Thus, ¢, = a, as needed. 0

Proposition 8.4. Suppose o, B:S + T are G-maps, with

T a transitive G-set. If o, = B,:R, * Rg» then o = B.

T
Proof. Without loss of generality T = G/H, some sub-

group H < G. Let s € S, and set a(s) = gH. By transi-

.tivity, there exists 9, € G such that gia(s) = 3(s), that

is, B(s) = glgH. Since «a, = B8,, for any £ ¢ HomG(G/H,E)

we have fa = £8. Thus £(1H) = £(g 'gH) = g “£(a(s))

= g lE(8(s)) = g"lglf(a(s)) = g-lglgf(lH). Since

HomG(G/H,E) v EH via the map £ - £(1H), it féllows from

Galois theory that g—lglg € H, hence 9,9 = gh, some

h € H. But then, 8(s) = glgH = gH = a(s). a
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Lemma 8.5. Let H, J < G, and fix a double coset de-

r
L] G -
composition G = U HoiJ. Then G/J ~ H/H N lJ u ...
i=1 -
. Ur
U H/H N J as H-sets.
‘ o.
Proof. For each i, define Si:H/H n J'J ~ G/J by

o, .
Bi(h(H n lJ)) = hoiJ. It is straightforward to verify that

the map B8 = B8 Uu...U B is an H-isomorphism. a

Proposition 8.6. Let H < G. Let Sl' 82 be any G-sets,

and suppose there are G-maps ai:si + G/H, i =1, 2. Define
®:R R. -+ R by ¢ (£(x)g)(x,y) = £(x) « gly),
S1(95‘@,/14 Sy Si1¥g/ES2 ®

all  (x,y) € leG/HSZ' Then ¢ 1is an R

G/H-algebra and

R - R bimodule isomorphism.
S S

Proof (Sketch). First suppose Sl and 52 are transitive,
so that with no loss of generality, Sl = G/Hl and

52 = G/H2 for some subgrogps Hl’ H2 < G. Ssay ai(lHi)

= giH, i=1, 2. Then Hil € H, so we may decompose H

n

double costs: H = U H
g. i=1

91

. i .
into H - H 1 oiH2 . Since

as R - algebras, Proposition 7.3

R X G/H

G/Hi

e
1
2
3]

implies RG/H1® R
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-1
g 9,0
n HllﬂH22 *
= I E . Explicitly, this map sends £(X)g to
i=1
-1 -1
(..., £(gy7H]) g(o0,9,7Hy) s ).

Now if an element ZiﬁiCDg. € kerd, then
Zifi(le) * g, (yHy)) = 0, whenever (xH ,yH,) € G/Hl G/H G/H,.
However, since each Gi € H, it follows that (gl ,oig2 )
€ G/Hle/HG/Hz. Thus Zifi(:)gi is in the kernel of the
map described in the first paragraph (which was an iso-
morphism), so Ziﬁi(:)gi =0, and ¢ is injective.

Surjectivity of ¢ follows from a dimension count.

Set T = {0 € G:al(lHl) = az(cHz)}. If o€ T, then H,oH

1772

C T, so we may decompose T into Hl - H2 double cosets:
m T
. - i .

T = inglTin. Set Ji Hl n H2, and define

Bi:G/J > G/Hl o/ H® /H by Bi(gJi) = (ng,gTin). Five

pages of routine calculations show that each By is an in-
jective G-map, and that § = Bl vy ... U Bm:G/Jl u ... U G/Jm

- G/Hl G/H /H is a G-isomorphism. Therefore

G/Hl G/hG/Hz aY EIEJi. Ano;her straightforward argument
establishes that m = n, and that there is a permutation
-1
. . 9 9573
of {1, ..., nr with Jw(i) conjugate to H; n H,
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g, g,077
| Ty HpnEt . .
In particular, E ME , So the dimensions
coincide, and ¢ is surjective.
In general, write Sl = Tl u ... Uu Tr and
S, = Ul U ... U Ut’ as unions of transitive G-sets. Then
® v TR R, ~ IR
= .07, U. =
S RG/H 2 i,J Ty RG/H 3 i, 3 Tle/H 3
_ R | v RS % g - Check that this isomorphism
= y =
-U.TixG/H 5 17°G/H"2
i,J
is 9. a

The Isomorphism Theorem

Let H < G. For any S € G, A€ AZ(RS) and G-map

a:S - G/H, define an R -algebra A to be A as a ring,
A

G/H
with RG/H action induced from a*:RG/H > Rg. Thus, if
x € Rg,p and a € A, then x . a=og,(x)a. Note that

A v A, as F-algebras, since «, 1s an F-algebra

homomorphism.

Proposition 8.7. Let H < G, and let [S,a,(A)],

[T,8,(B)] € A, (H). Then [S,a,(d)] = [T,8,(B)] if and only

if Aa v By as RG/H-algebras.

Proof. =) By Corollary 3.4, there is a G-isomorphism
¢:T - S with ad = 8 and ¢O((A)) = (B). This last con-

dition yields an R

T-algebra isomorphism Q:RT(:)RSA >~ B.

Define +v:A » B by vy(a) = »(1(x)a), all a < A. Since
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a 1s a ring isomorphism. Furthermore, if

X € RG/H' then vy(x + a) = y(a,(x)a) = w(l<:)a*(x)a)

= V0. (x)(®a) = (3, (x)®a) = B, xv(L(Ea) = 8, (x)v(a)

=X * yv(a). Thus Yy 1is an RG/H'-algebra isomorphism of

o B*

<) Suppose Y:Aq - BB is an RG/H

morphism. Then Y(Z(Aa)) = Z(BB)' that is, Y(RS) = R

algebra iso-

By Proposition 8.3, there is a G-isomorphism ¢:T - S with
b, = Y. We claim that «o¢ = B. By Proposition 8.4, since
G/H 1is transitive, it is enough to show that ¢, 0, = B,:
Re/u ™ Ro G/H’
Bx (x)Y(1,) = B, (x). Finally we must show that ¢0((A))

Then, if x € R we have ¢.a,(x) = v (a,(x))

(B), that is, RT(:)RSA & B as RT-algebras. The map

w:RTC:)R A - B given by w(x(:)a) = xy(a) is such an iso-
S

morphism. Thus ¢:(T,3,(B)) > (S,a,(A)) 1is an isomorphism. OJ

For any subgroup H < G, the isomorphism

H H

R v E allows us to replace R by E7, if we

G/H G/H

consider every RG/H algebra to be an EH-algebra via this
isomorphism. Define Yy = W:AAZ(H) - S(E,EH) by
([S,x,(A)]) = [Aa}' By Proposition 8.7, V¥ 1is well defined

and injective.

Theorem 8.8. For any subgroup H < G, the map ?H is a

ring isomorphism.
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Proof. Let [S,a,(A)], I[T,8,(B)] € A (H) Since
() + (B) = (A + B), and (A + B)aUBZEAa + BB (via the
identity), we have v ([S,a,(A)] + [T,8,(B)])
= y([sU T,a U g,(8a+ B)]) = [(A+ B)aUB] = [A ]+ [BS]
= \{J([SICLI(A)]) +‘{/([T,B,(B)]). Now W([S,CL,(A)] ¢ [T,S,(B)])
= ¥ ([Sx; T axg uB/mg (B) « 19 (B)1), where nJ(R) - mQ(B)
(R A) . (R B)
SXG/HT®RS SXG/HT® RT
= (A R R B)
®RS SXG/HT® RSXG/HT Sx /HT® RT

( R
HC)RS SXG/
( B)
D

algebra wvia th
> A B).
-~ A

®z, 2

\y[SiCLr (A)]

(a @RG/H

To see that

’

(

by
kS

with

be projection,

viewing A as
J
([G/T,», (A)])
7.5

. B)
@,

2(a) o EY

= (A® RSRS® RG/HR

(Note that A
@'RG/H

" %Ok,

(
H:DRG/H G/H

algebra isomorphism.

e RG/HB) “¥e/n

= Y[S,a,(A)])

'@ 2

by 8.6. B R

is an
Sx

G/HT

e composltion SXG

The identity map: 8

ax

is an R Thus,

G/H

T,8,(B)]) ]

8

[Aa][BB] v([T,8,(B)]).

is surjective, let A ¢ SEP(E,EH) be simple,

for some subgroup J < H. Let «:G/J - G/H

that is, «(gJd) = gH, all g € T. Then,

an R -algebra via the R isomorphism

G/J
A € AZ(R

G/H

have It follows that

(al.

c/3)

is surjective by Proposition

U
s

Thus

.
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Following an almost identical proof, we obtain the

final result of this section.

Theorem 8.9. Let H < G. Define a map ABr(H) - BS(E,EH)

by [s,a,{a}] - (A,). Then this mapping is an isomorphism.

Consequences of the Mackey
Induction Lemma .

Theorem 8.8 will permit us to apply the induction
theory of Mackey-functors to rings S(E,EH), where H < G.
However, we must first verify that restriction and induction

for AAZ and 8 coincide.

Lemma 8.10. Let H < G, and set L = EH. Let n:G/H

+ G/G be the canonical map. Then the following diagrams

both commute.

N - n*
(a) AAZ(G) —_— AAZ(H) (b) AAZ(G)' AAZ(H)

WG Yy WG Yy
S(gE,F) —— S(E,L) S(E,F) +—— S(E,L)
reso,p, ‘ :l.ndL_*F
Proof. (a) It is convenient to identify RG/G with F.
If ([s,(A)] € AAZ(G), and if ﬂS:G/H x 8§+~ S 1is projection,
s 0 _
then by Proposition 8.6, nS(A) = (RG/HXS<:>RSA)

= (RG/H<:)FA). Furthermore, if ﬁH:G/H x § - G/H 1is
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projection, then 7., iR+ Ry p.e ¥ RG/HC:)FRS is injec-

tion, WH*(Y) = Y(:)l all v € R Thus, the identity map

G/H’

RG/H®FA - (RG/H® FA)TrH is an RG/H algebra isomorphism.

Therefore, ¥.n, (IS, (&)]1) = ¥_([G/H x 8,773 (A)])

= Y ([G/H x 8,7, Ry ,p ®) A1) = [(RG/H®FA)TTH]L

[RG/H®FA]L = [L@FA]L = resF+L([A]F) = resF-*L‘yG([S’ (A1) .

(b) Let [S,a,(A)] € AZ(H)- Then WGn*([S,a,(A)])

it

Il

¥, ([s,(&)]) = (Al = (A 1, = ind__([a_ 1)

= indL+F?H([S,a,(A)]), since A v Aa as F-algebras. a

We are interested in studying ker (res ) and

F->L
im(indL+F); it will be convenient to proceed more generally.
Let M be any Mackey-functor 8 - AB, and let S be a
G-set. Denote by KM(S) the kernel of the map (ns)*:

M(G) = M(G/G) »~ M(s), and by I, (S) the image of (ns)*:
M(S)+ M(G).

Lemma 8.11. (Induction lemma for Mackey-functors.) Let

G be a finite group, and M:G - AB a Mackey-functor. Then
for any G-set §,

(@) |G| - (I,(5) N K, (s)) =0,

(b) |G| - M(G) € I,(8) + K,(S).

Proof. See Dress (1971, p. 64). J

In particular, using the commutivity from Lemma 8.10,
together with Theorem 3.6 (AAZ is a Green-functor), we

obtain
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Theorem 8.12. Let E/F be a finite Galois extension with

Galois group G. Let H < G, and set L = EH. Then

(a) im(indL+F) N ker(res ) = 0,

P->L

(b) |G| + S(E,F) € im(ind ).

)'+ ker (res

I~»F -1

Proof. Take S = G/H in 8.11. We may drop multiplication
by |G| in (a) because S(E,F) is free, hence torsion free,

by.7.5. The rest is clear. a

Corollary 8.13. Let L/F be a finite separable field ex-

tension, and let A and B be separable IL-algebras. If
L@ F‘A N ]‘.@FB as L-algebras, then A & B as F-algebras.
Proof. By a standard characterization of separable

algebras over fields, we may write A and B as finite
products of finite dimensional, simple L-algebras, where
each simple algebra has as center a finite separable field
extension of L. Since L/F 1is finite separable, it follows
that there is a finite Galois extension E/F containing the

centers of all of these simple algebras. Thus, A,

B € SEP(E,L). Consider [A]F - [B]F € S(E,F). Plainly,

= [L@FA]L - L@ B, =0, since LA Y L(X) B
L-algebras. Thus [A]F - [B]F € 1m(indL*F) n ker(resF+L) = 0,
so that [A]F = [B]F' By 7.4(c), A M B as F-algebras. d

Of course, this result is not true if A and B do

not contain L in their centers. For example, take F = R,
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L=¢, A= MZ(R) and B = H (quaternions). Then A ; B,
but G@ Ay M2 (€) o C@ B, as C-algebras. 8.12(b) yields

a much stranger consequence.

Corollary 8.14. Let E/F be a finite Galois extension.

Suppose that A 1is a separable F-algebra whose center is
isomorphic with a finite product of subfields of E/F, that
is, A € SEP(E,F). Then there are F-algebras B,

C € SEP(E,F) with E@ FB v E@FC as E-algebras, and there
are algebras Y, 2 € SEP(E,E) (that is, finite products of
central simple E-algebras) such that A + ... +A+B+Y

v C } Z as F-algebras, where [E:F] copies of A appear in

the left hand product.

Proof. Take H = {1} 4in Theorem 8.12, so that L = E.

Set n = [E:F] = [Gal(E/F)|. Then n[Aly € im(indg )

+ ker (resp, o), so that nl[Al, = ind_ - ([2]5 - [Y].) + [Clg

- [B]F, where [C]F - [B]F € ker(resF+E), and [Z]p - [Y]E
€ S(E,E). Thus, n[A]F + [Y]F + [B]F = [Z]F + [c]F. Using
7.4 (c), this translates to the desired result. a

It is worth mentioning that results similar to 8.1l0

and 8.12 hold upon replacing A by A

A7 and S by BS.

Br
However, these results tell us nothing new, so we will not

formulate them precisely.



CHAPTER 9
THE BRAUER RINGS OF Qp AND D

We are ready to combine the results of the preceeding
chapters to determine the structure of the ring QBS(E,QP)
= Q(:)ZBS(E,Q ), for a finite Galois extension E of the
P
p-adic rationals Qp. We shall begin by interpreting

normality for the functor FBr‘

Normal Algebras

The following definition was first given by Eilenberg

and MacLane (1948).

Definition 9.1. Let F be a field, and let L be a

finite separable field extension of F. The central simple
L-algebra A 1is normal over F 1if every F-automorphism of

L can be extended to an F-algebra automorphism of A.

As we shall see, if L 1is a finite separable ex-
tension of Qp' then every central simple L-algebra is
normal over Qp. However, non-normal algebras exist.

For example, let F =8, L =0(2), and let A
-1,-/7

be the generalized quaternion algebra ( i ). Thus,
A=L15LidyL-j< Lok, where i2 = -1, j2 = -2, and
ij = -ji = k. Define o¢:L - L by 35(¥2) = -/2 and suppose

94
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0 has an extension to an F-algebra automorphism ¢ of A.
Set i, =¢(i), 3, = ¢(j), and kg = ¢(k). since ¢ is
F-linear, the set {l,io,jo,ko} is linearly independent

over F, from which it follows that A = L-1 <2 L-i

. .2 .2 .
- . =-1 - - .
@Ljo@ L-k,. However, ij '/;30 V2, and ig3g
- 2 . — ‘_l, 2 . "l,-V/-f
= 3019_- kO’ so that A 2 ( T ), that is (—-f—~)
o (-l}JZ). This isomorphism is impossible since -1 1is
not the norm of any element of L(¥-1) to L, that is,

The importance of normal algebras to us is indicated

by the following proposition.

Proposition 9.2. Let E/F be a finite Galois extension,

with G = Gal(E/F). Let S € G be transitive, and let

{a} € Br(RS). Then {A} 1is a normal element of FBr(S) if
and only if A is a normal Rs-algebra over F.

Proof »). Let o € Aut (RS). We must show that o can

F
be extended to A. By Proposition 8.2, we may find
b € AutG(S) with ¢, = «. Since {A} 1is normal, it follows

that ¢0({a}) = {a}. But ¢%({a}) = {(R;(® A}, where Rg
s

is considered as an Rs-algebra via o, that is, x . y

= xqly), for x, vy E€ RS. By counting dimensions, there

is an R_-algebra isomorphism :R C) A - A. Define +v:A
S MR RS

~ A by +v(d) =¢(l@d), all d € A. If r¢€ Ry, then
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Y(rd) = 1@ = @ @D = bE @)

= a(r)w(l(:)d) = a(r)y(d). Since o is F-linear, Y is an
F-algebra isomorphism. Taking d =1 vyields vy (r) = al(r)
all r € RS' so Yy extends «a.

<=) Let ¢ € AutG(S). We must show that
{A} = ¢0({A}) = {Rs(:)R A}, where Rs is considered as an

Rs-algebra via ¢,, as above. Since ¢, € AutF(RS), the

normality of A implies the existence of o € Auty(A) such

that a[RS = ¢,. The map w:Rs(:)RSA -~ A, given by
w(r(:)d> * r) » d, 1is a well defined F-algebra iso-
morphism. Therefore, o ° @:RS<:)RSA - A 1s an Rs-algebra
isomorphism, showing {RS®R A} = {A}, as needed. a

S
The Ring BS(E,QP)

For a prime p € Z, let Qp denote the completion
of @ at the p-adic valuation. The next result shows that
all finite dimensional simple Qp—algebras are normal. It is
due to Janusz (1978), and the reader may refer to this paper

for the proof.

Proposition 9.3. Let 0 # p € Z be a prime. For 1i =1,

2, let Li be a finite extension of Qp, and let A, be

a central simple Li-algebra. If Al and A2 are isomorphic

as rings, then invAl = invAz.
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This proposition clearly also holds for p = «, that
is, Qp = R. We remark that the notation invA for a
central simple L-algebra A denotes its Hasse invariant.
For a discussion of the properties of this invariant see
Pierce'(1982). The most important fact for us is that the

class of the algebra A in Br(L) is completely determined

by its Hasse invariant.

Corollary 9.4. Let O # p € Z be a prime, and let L be

a finite extension of Qp. Then every central simple L-
algebra is normal over @ .
Proof. Let A be a central simple L-algebra, and let

o € Ath (L). Define an L-algebra B to be A as a ring,

P
with L-algebra structure given by ¢ * b = «(2)b, all 2 € L,

b &€ B=A. Then B 1is a central simple L-algebra, and

B ¥ A as rings (in fact as Qp—algebras). By 9.3, A and
B yield the same class in Br(L). Since dimLA = dimLB,

we have A v B as L-algebras. Let ¢:A > B be an L-
algebra isomorphism. Using the Qp—algebra isomorphism

id:B -~ A, wé obtain the Qp—algebra isomorphism v = id o ¢:
A » A. Then, if 2 € L, yQ@l,) =0¢(ly) =12 * 0(1ly)

= a(z)lA, thus vy extends «a. d

Corollary 9.5. Let E be a finite Galois extension of Qp,

with G = Gal(E/Qp). Then every transitive G-set is normal

over F .
Br
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Proof. This follows directly from 9.2 and 9.4. 4

A mildly surprising result follows from our work. As
shown by Eilenberg and MacLane (1948, Corollary 7.3), if
E/F 1is cyclic, then any central simple E-algebra which is
normal over F can be obtained by extension of scalars from
a central simple F-algebra. Combining this with Corollary

9.4 we obtain the following.

Corollary 9.6. Let 0 # p € Z be a prime, and suppose

that E/Qp is a finite cyclic Galois~extension. Then the

canonical homomorphism BR(QP) +~ Br(E) 1is surjective.

Theorem 9.7. Let E be a finite Galois extension of the

p-adic field Qp’ and let G = Gal(E/Qp). Let n = |P(G)]|
be the number of conjugacy classes of subgroups of G. Then
QBS(E,Qp) Y HnQ(Q/Z), where the right hand side is a product

of n copies of the group algebra 0(@8/2),

Proof. By Theorem 8.9, QBS(E,QP) N QABr(G); Since every
transitive G-set is normal over FBr’ Theorem 5.12 implies
that .9A. _(G) ~» I @Br (R, ). However, the Brauer group of a

Br = acp Sa
local field is @/Z, thus Br(RS ) N @/Z for all a € P.
. a
The result follows. |

Passing to direct limits we can state

Proposition 9.8. Let ép denote the algebraic closure of

Qp. Then QBS(ép,Qp) is von Neumann regular.



99
Proof. By Theorem 8.9 and Corollary 5.13, QBS(E,QP) is
von Neumann regular for each finite Galois extension E/Qp.
The proposition follows from Proposition 7.9 and the fact
that the property of being von Neumann regular is preserved

under the taking of direct limits. .

The Ring BS(E,Q)

Let E be a finite Galois extension of ¢@g. If

P # 0 1is an integral prime, then p £factors in OE (the
ring of algebraic integers of E) as a product (Pl cen Pg)e.
Since each completion EP is the compositum of E (em-

i

bedded in EP ) and Qp' the extensions EP /Qp are all
i i
Galois. We introduce the notation Ep to denote the comp-

ositum cover @ of the Galois extensions Ej , ..., EP
b R g
(Ep is the splitting field over Qp of a generating poly-
nomial for the extension E/Q). If p =« 1is the infinite
prime, set E_ = R when all of the infinite primes of E
are real, otherwise set E_ = €. We shall use this notation
in attempting the computation of BS(E,Q). We first recall

a basic number theory result. Its proof may be found, for

example, in Narkiewicz (1974, Proposition 6.1).

Proposition 9.9. Let L be a finite extension of Q@

with ring of integers OL‘
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e

(a) Let 0 # P € Z Dbe a prime, and write pon = Pll
e
* .. ng where the Pi are distinct prime of
OL' Then there is a Qp—algebra isomorphism
L@ 0, XLy, + -or + Ly -
Qp“Pl g
(b) If the infinite prime of @ factors into r, real

1

and r, complex infinite primes in L (so that

ry + 2r, = [L:@]), then L@ R I R+H293.

For a Galois extension e of Qp we shall use the

notation [ ]p’ respectively ¢ )p’ to denote elements of

S(E,Qp)l respectively BS(E,Qp).

Proposition 9.10. Let E/@ be a finite Galois extension.

For each prime p (possibly infinite) of @ define a map

0 _:S(E b 6 A = [A . Th

piS(E,@) » S(E,0)) by 8 ([A]) = I @ 21, en

(a) ep is a ring homomorphism.

(b) Qp factors through the projection of S to BS. That
is, there is a ring hmomomorphism §p:BS(E,Q) - BS(Ep,Qp)

such that the diagram

~

vp
S(E,Q) —— s(Ep,Qp)

. I

commutes.
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Proof. (a) If A € SEP(E,@) is simple, we may assume

without loss of generality that 2(A) = L, where ¢ S L C E.

Then A@QQP v AR (L x g% 2 A@L(Lpl + oo+ LPg)
v P@LL as Qp—algebras, by Proposition 9.9. Since each

i=1 Py

A@LLPi is a central simple L,

-algebra, and ¢_< L
i P -

P.
1

< Ep, A@ QQp is an element of SEP(EP,QP) . It follows
from this, together with Proposition 7.5, that ep "is a
well defined group homomorphism. If also B € SEP(E,QP) '
then the Qp-isomorphism (A@ QB) @ QQP
o (A@QQP)®QP(B@QQP) chows that ep "is a ring
homomorphism. These same arguments work for p = <«.

(b) Let 0 < n¢€ 2Z. Then Sp([Mn(Q)] - [9])
= [Mn(pp)]p - [Qp]p. Part (b) then follows from part (a)

and Corollary 7.7. a

Patching together the homomorphism of Proposition

9.10 over all primes p, we obtain ring homomorphisms

<D
]

6 :S(E, -+ 1 ’ ’
( p) (E,Q) pS(Ep Qp)

and

ol
]

3 ) ,0) -~ 1B ’ .
(p) BS (E, Q) .gS(Ep Qp)
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The image and kernel of 2 are the subject of the remainder
of this chapter.
For each prime p (possibly p =), let G

P
= Gal(Ep,Qp). Then BS(Ep,Qp) v A, (G ). By earlier re-

= Br p
marks, the Burnside ring of Gp, A(Gp), can be identified
as a subring of ABr(Gp), and thus as a subring of
BS(EP,QP). It is easy to see that A(Gp) correponds to the
subring of BS(EP,QP) consisting of all sums of fields

A(Gp) = {Zni<Li)p:ni € 2, Qp < L. E_Ep}.

Proposition 9.1l. Let J:BS(E,Q) -~ ng (Ep,Qp) be the
ring homomorphism given above. Then imf is contained in
the restricted direct product of the rings BS(EP,QP) over
the subrings A(Gp).

Proof. The statement of the proposition is equivalent with
showing that given any x € BS(E,Q), one has ep(x) € A(Gp)
for all bﬁt finitely many p. Let A € SEP(E,Q) with A
simple, where without loss of generality, 2Z(A) = L, with

@S LS E. Now, AR L, XM (L,) (n=DegA) for all but

finitely many primes P of L (see Pierce (1982, Proposi=-
tion 18.5)), and there are at most finitely many primes of

Q@ lying under these exceptional primes. If p is not one

=1Q

e

Mn(LP.)' so that

g
of them then A@ ©Q A T A@ L
Q°p = .. L7P.
i=1l i i=1 i
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- , g
9 = - . .
p(<A>) izlmn(Lpi))P i£l<LPi>p € A(GP) Since BS(E,Q)

is spanned by the classes (A), where A is simple, the

result follows from the additivity of ¢, g

We wish to look at kerf. For an algebraic number

field K, 1let K denote its adele ring. We need a

A

characterization of number fields with isomorphic adele

rings.

Proposition 9.12. Let K and L be finite extensions

of @. Denote by V the set of non-zero primes of K

K
(including the infinite primes), and similarly for L. Then

the following are equivalent.

(1) KA and LA

(2) There is a bijection Yy of VK onto VL such that

given any prime P of K, P and y(P) 1lie over the

are (topologically) isomorphic.

same prime p of @, and KP 0y Lw(P) as Qp—algebras.
(3) For every prime p of Q, there is a Qp—algebra
i i v L .
isomorphism K@QQp v ®QQP
Proof. The equivalence (1) ® (2) is given in Komatsu
(L978). The equivalence (2) ® (3) follows directly from
Proposition 9.9 and the uniqueness statement of Wedderburn's

theorem. O



104

Corollary 9.13. Let E/Q@ be a finite Galois extension,

and suppose K and L are subfields of E. Then (K) - (L)
€ kerd if and only if K, % L,.

Proof. Since K and L are commutative, (K) - (L)
€ ker® iff [K] - [L] € ker® iff K(®),2, 2 L ,2, for

all primes p of @. Apply the previous proposition. a

At this point the question naturally arises to find
nonisomorphic number fields with isomorphic adele rings. An
infinite list of such examples was given by Komatsu (1978).

We state his result for completeness.

Proposition 9.14. Let m be a square free integer such

that m # +1, +2, and m= 2, 7, 14, 15 (mod 16). Let n
be an integer with n > 3, and set s = 2. put

K=06(m and L =€(/2 x vm). Then K. ~ L but K and

A = "4

L are not isomorphic.

We remark that it is an interesting and open problem
to classify radical extensions of '@ by the isomorphism type
of their adele rings.

If we let I Dbe the ideal of BS(E,d) generated by
the set {(K) - (L):KA Y LA}, then the above shows that
ICc kerd. 1If [E:@] < 6, or if E/@ 1is abelian, then the
work of Perlis (1977) establishes that I = 0. Hence the

equality I = ker5 would imply the injectivity of & in



105
these cases. However, it is not known, e&en when the ex-
tensions E/Q 1is abelian, whether the inclusion
Ic ker® is proper or not. Not wishing to conjecture the
wrong result, we finish our work here, leaving the foregoing

problem unsolved.
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